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O ascertain the reality of subdwarf character in 
the H-R diagram, recall that a 10% error in the 
allax corresponds to an error of 0.2 magnitude in 
absolute magnitude. The added likelihood of sys- 
aatic errors makes it rather difficult to decide for 
allaxes below 01 whether the star is a;subdwarf or 
normal”? main-sequence star. 
Among stars nearer than five parsecs, there seem to 
three clear cases of subdwarfs using absolute magni- 
le as sole criterion. (Table I). For two classical ex- 
ples of more distant subdwarfs see Table II. The 
y parallaxes available for Wolf 134 and Wolf 1037 
based on a very limited number of exposures taken 
h the 100-inch reflector. Traditionally, reflectors have 
pn considered unsuitable for photographic determin- 
ons of trigonometric parallax; there are reasons to 
ieve that the results may be subject to serious errors. 
the other hand, there are indications of limitations 
the accuracy reached in photographic parallax de- 
minations made with refractors due to systematic 
ors which may be traced to coma, imperfect focus 
d other sources. With either instrument, of course, 
stematic errors may be reduced by using a small con- 
ation of reference stars or by reducing the aperture. 
A prime requirement is the extension of parallax de- 
minations toward stars of fainter magnitude than 
e thirteenth, the present practical limit reached with 
e Allegheny refractor. It is doubtful at this moment 


whether longer exposures will appreciably increase the 
limiting magnitude which we may be expected to reach. 
We may only surmise what image-tube techniques ap- 
plied to existing telescopes may eventually bring us. 
Meanwhile, the most promising solution for obtaining 
accurate parallaxes of fainter stars lies in the building 
of a large reflector with a quartz mirror as recommended 
at the Conference on the Cosmic Distance Scale (As- 
tron. J. 63, 150, 1958). A 60-inch reflector would permit 
the photographing of stars down to the eighteenth mag- 
nitude. The building of such a large reflector specifically 
designed for astrometric work is certainly one of the 
most important desiderata toward obtaining parallaxes 
of faint stars, and will also benefit the study of subdwarf 
stars. 


DISCUSSION 


SCHWARZSCHILD: I wonder whether we might ask Dr. 
Strand to tell us what the practical magnitude limit 


TaBLeE I. Subdwarfs using absolute magnitude as sole criterion. 


Vis. Proper Deviation from 
mag. Sp. motion Parallax main sequence 


r Ceti 3.6 G4 1792 0%275+0.005 1.0 mag. 
Gr 1618 6.8 K5 1.45 0%222 5 1.5 mag. 
Kapteyn’s star 9.2 MO 8.79 0%251 7 2.5 mag. 
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TABLE II. Two classical examples of more distant subdwarfs. 


Pg. Proper Relative No. of 

mag. Sp. motion parallax exposures 
Wolf 134 15.2).K3 1774 +0"052+0.007 14 
Wolf 1037 14.5 K4 Lo +0.054+0.004 16 


will be for the 60-inch astrometric reflector he is con- 
templating at present, assuming that it would be set 
up in a particularly favorable location. 

STRAND: May I first say a word about using conven- 
tional reflectors for astrometric purposes. I do not look 
too hopefully on using, for instance, the 100-inch re- 
flector for determining trigonometric parallaxes because 
when you want to get ultimate precision, the conven- 
tional reflector has certain disadvantages. For instance, 
there is the temperature effect. In order to get good 
parallaxes you have to observe the stars at large parallax 
factors. However, the early evening is always bad with 
reflectors of the type of the 100-inch, because it takes 
some time before the mirror settles down. A telescope 
used for parallax determinations should have optics 
which are rather insensitive to temperature effects and, 
therefore, in the telescope that we have proposed for 
astrometric work we are hoping to use quartz optics 
which are now feasible. 

With a 60-inch aperture we should get down to about 
the eighteenth magnitude in about seven minutes. 

I would like to mention something else about the 
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subdwarfs. It is extremely difficult to get their paral 
as Dr. Van de Kamp has explained. In 1955 at 
Dublin meeting I was authorized by Commission 
to make up a list of subdwarfs and recommend then 
various observatories with parallax programs. Mos' 
these stars had parallaxes in the Yale catalogue, 
all these parallaxes were of the old-fashioned kind wh 
there were perhaps 16 plates, or in some cases @ 
less, and the parallaxes therefore had very little wei 
I made-up a list with about 20 stars and I reques 
that at least three observatories pick the same $I 
out of this list. Now, with 20 stars and 50 plates 
each as I requested, that meant a thousand plates 
completing the whole program. This is very much, 
pecially when you have stars which are quite faint 
conventional reflectors. Now I have recently sent 
inquiries to find out how this program has progress 
and I am sorry to say that the progress has been fa 
limited with the exception of one observatory, our | 
institution here at Pittsburgh. So we have been ay 
of this problem of subdwarfs for many years an¢ 
spite of much effort in this difficult field we h 
as yet not turned out good material to establish 
absolute magnitudes. 

SCHWARZSCHILD : I for one am enormously happy t 
a major technical effort is going into driving accul 
parallax measurements to fainter magnitudes beca 
I think that the subdwarfs, just as the very faint nor 
dwarfs, are so important astrophysical items that t 
alone will make this effort very much worthwhile. — 


: 
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1D could easily be true that each participant in this 
| 4 symposium—and most of the audience—has a dif- 
Hent concept of our subject. What is a subdwarf? By 
dinition, or rather by common usage, it is a star that 
I; below the main sequence far enough to be outside 
> inevitable observational scatter but not far enough 
_@ be called a white dwarf. What, then, is the main 
#juence? Again by common usage it is the sequence 
the H-R diagram that is populated by most of the 
arby stars for which good trigonometric parallaxes 
Ive been obtained. However, astronomical literature 
atains many references to subdwarfs for which no 
“Pgonometric parallax is available. Some of these are 
tly known to have high velocity, while others are only 
Fown to show weak metallic lines in their spectra. On 
“te other hand, when we examine the luminosities of 
tesome 200 stars for which fairly reliable trigonometric 
tallaxes are available, there are less than two dozen 
‘Siich fall farther below the main sequence, defined by 
te remainder, than can be accounted for by uncertain- 
in the parallax. And of these ‘“‘trigonometric’”’ sub- 
yarfs, only two or three show weak metallic lines in 
Jeir spectra and have space velocities in excess of any 
ar that defines the main sequence. 
Before talking of subdwarfs it is therefore necessary 
1 strictly define a dwarf, or a main sequence. From 
“curate photometry of bright galactic clusters such as 
te Hyades and Praesepe it has been known for many 
Jars (Eggen 1950) that the main sequences for cluster 
ars later than about FO represent almost a one-to-one 
‘lation between luminosity and color—the few stars 
each cluster that violate this relation, usually in the 
‘nse that they fall above the sequence defined by the 
ymaining stars, are explainable as unresolved double 
‘ multiple systems. However, only for one cluster— 
'e Hyades—do we have an accurate means of deter- 
jining the distance. 
’ Let us then define the “main sequence” as the dwarf 
quence of the Hyades stars in the (MVy,B—V) plane. 
's mentioned above, there are only a few nearby stars 
ith trigonometric parallaxes sufficiently accurate to 
‘finitely place them below this main sequence. Fur- 
jermore, photometry shows that most of these stars 
ive an ultraviolet excess when compared with the 
ain-sequence stars in the (U-B,B-V) plane. This ex- 
ss is empirically related to the displacement below 
e main sequence. The excess and the displacement 
/ealso related theoretically through the line-blanketing 
cory (Sandage and Eggen 1959). The blanketing 
j\eory is based on considerations of the effect of metal 
mtent on the observed colors—the lower the metal 
ymtent the weaker the lines and, therefore, the bluer 
he star for a given temperature. If we accept this view, 


VOLUME 65, 


NUMBER 7 SEPTEMBER, 1960 


Space Motions of the Subdwarfs 


O. J. Eccren 
Royal Greenwich and Cape Observatories 


then we give status to the “subdwarfs” mentioned above 
for which we know only that the metallic lines in the 
observed spectra are weak. In this connection it is for- 
tunate that the stars in the cluster which defines our 
main sequence—the Hyades— show as strong a metallic 
spectrum as any star observed near the sun. There re- 
mains, however, the question of the few parallax stars 
that show both a definite displacement below the main 
sequence and an ultraviolet excess without having been 
noticed as showing a weak metallic spectrum. It is as- 
sumed—and this assumption may represent one of the 
weakest steps in the argument—that for stars very little 
affected by line-blanketing and therefore very little dis- 
placed from the main sequence, the ultraviolet excess 
is a more sensitive criterion of “subdwarfishness” than 
the appearance of the spectra. The converse is probably 
true for stars having extremely weak metallic lines, such 
as Groombridge 1830 (near the sun) and the members 
of halo. globular clusters which all show about the same 
amount of ultraviolet excess, ~0™25, but with obvious 
differences in the strength of the metallic lines in the 
spectra. For example, NGC 6397 (Eggen 1960), w Cen- 
tauri (Eggen 1960) and M13 (Baum, Hiltner, Johnson, 
and Sandage 1960) all show the same ultraviolet excess, 
but the first falls in Deutsch’s (See Kinman 1959) cate- 
gory C (very weak metallic lines) the second in category 
B (weak metallic lines), while the third is in category 
A (nearly normal metallic lines). 

Therefore, for the present purposes, in addition to 
those few stars whose trigonometric parallax places them 
below the main sequence, we will accept as subdwarfs 
those stars showing either weak metallic spectra or an 
ultraviolet excess. Because of the observational diffi- 
culties involved in obtaining accurate ultraviolet mag- 
nitudes, we will also require that the observed excess 
be larger than 0705. 

There are approximately 100 stars in the literature 
that have been classified as subdwarfs on the basis of 
their weak metallic lines (Eggen and Sandage 1960). 
From published three-color observations of about a 
third of these, plus unpublished observations with the 
20-inch reflector at Mt. Palomar (Sandage 1960) or the 
24-inch Cape refractor and the 74-inch Pretoria reflector 
(Eggen 1960) of most of the remaining stars, it is known 
that with only one or two exceptions they all show an 
ultraviolet excess with respect to the Hyades main-se- 
quence stars. This is also true of an additional two 
dozen new southern subdwarfs that have been found 
by T. J. Deeming and the Cape observers with the 
74-inch Radcliffe reflector. 

To compute accurate space motions of these stars we 
of course need accurate proper motions, radial velocities 
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and parallaxes. It is of interest to examine the situation 
with respect to each of these requirements. 

1. Radial velocities are available for most of the sub- 
dwarfs now in the literature. The majority were deter- 
mined by Joy, with the Mt. Wilson reflectors, or by 
Popper and Miinch, with the 82-inch McDonald re- 
flector. In most cases where an overlap is available, the 
results from the two observatories are in good agreement 
and an independent determination by Greenstein (1960) 
from 200-inch coude plates has strengthened the pre- 
vious results for several stars. For the southern objects, 
many new determinations have been made with the 
74-inch reflector by Deeming. 

2. Although a ‘‘crash” program can always be used 
to obtain radial velocities when the demand becomes 
strong enough, the same is obviously not true for proper 
motions. It is therefore unfortunate that the greatest 
uncertainties in the observed motions of the subdwarfs 
lie in the presently available proper motions. About a 
dozen subdwarfs have a relatively long meridian history 
from which very accurate motions are obtainable and 
a few, brighter than 9th visual magnitude, fall in those 
Cape or Yale zones that have a well-documented astro- 
metric history, but the majority of the stars have pub- 
lished proper motions that are virtually useless for 
determining space motions of the required accuracy. 
Most.of these stars appear on first epoch astrographic 
plates taken at various observatories around 1900; rela- 
tively accurate proper motions can now be obtained by 
taking repeat plates. This has been done at.the Royal 
Greenwich and Cape Observatories for the Cape, Ox- 
ford, Greenwich, and one or two other zones and proper 
motions are being determined. Excellent sources of good 
proper motions are the relative values obtained from 
parallax series, especially when extra, later epoch plates 
are also taken to increase the time-base. Such proper 
motions, in both coordinates, have been determined for 
most of the stars on the parallax programs of the Royal 
Greenwich and Cape Observatories and for most of the 
faint Ross stars observed for parallax at the Yerkes 
Observatory, but this source of proper motions for a 
large number of faint stars observed on other parallax 
programs, such as that of the Allegheny Observa- 
tory, remains to be tapped. A great amount of 
work remains to be done in searching out, eval- 
uating and utilizing the scattered astrometric ma- 
terial that now exists for subdwarfs. One heartening 
point—the proper motions of most subdwarfs are so 
large that differences between absolute and relative 
values, or questions of which “fundamental” system to 
use, are immaterial. 

3. First class trigonometric parallaxes, greater than 
01, are available for only four stars that have been clas- 
sified as subdwarfs on the basis of their spectra—Groom- 
bridge 1830 (an extreme subdwarf), » Cassiopiae (a mild 
subdwarf), Barnard’s star and, perhaps, r Ceti (a very 
mild subdwarf). However, if we accept the blanketing 
theory and equate the observed ultraviolet excess to 
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displacement below the main sequence, photometric pat 
allaxes can be obtained for any subdwarf for whid 
accurate three-color photometry is available. An im 
portant point should be noted in this connection, Le 
since ultraviolet excesses have not been found amon 
the “trigonometric” subdwarfs of later type than abou 
KO, it may be that the blanketing line and the intrinsic 
(U-B,B-V) line coincide for later types and therefor 
a sample of stars chosen on the basis of ultraviole 
excess will containno K- or M-type subdwarfs. Othe 
selection effects will also discriminate against such late 
type stars since the ratio of subdwarfs to main-sequent 
stars of apparent magnitude, say, ten, among object 
with proper motions exceeding 072/year is much large 
for F- and G- than for K- and M-type stars and s 
discovery programs have naturally concentrated on th 
earlier types. The only certain, late-type subdwarfs at 
Kapteyn’s star (HD 33793), which the large trigone 

- metric parallax places well below the main sequence 
and a small group of sdK and sdM stars, includin 
Barnard’s star, discussed by Joy (1947). From a theore 
ical standpoint there is a question as to whether or ne 
the late-type subdwarfs should show weakened metalli 
lines (cf. Unsdld 1958), but Joy’s observational evidenc 
seems to be definitive. 
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Fic. 1. (U,V)-loci for extreme subdwarfs. 


Photometric, astrometric, and radial velocity pro- 
ams are continuing in an attempt to improve the 
yailable data for the known subdwarfs and to discover 
ew members of the class. At present, complete infor- 
lation of good quality is available for only about 50 
lars. Of these, 28 have observed ultraviolet excesses 
eater than 072 and should therefore lie near the sub- 
warf sequence defined by the members of the Groom- 
tidge 1830 group and M3 (Eggen and Sandage 1959). 
jm this assumption, photometric parallaxes were ob- 
ined which were then used to compute the space 
notion from the observed radial velocities and proper 
,0tions. The space motion vectors are designated U, 
‘, and W and are directed, respectively, away from 
he galactic center, in the direction of galactic rotation 
‘nd toward the north galactic pole. The (U,V)-loci for 
hese stars, resulting from the assumption that the 
uminosity lies within --0"25 of the subdwarf sequence 
‘f£ M3, as calibrated by the Groombridge 1830 group, 
‘ire plotted in Fig. 1. The two filled circles represent 
apteyn’s star (near the zero of the U-axis) and Groom- 
ridge 1830, for both of which well determined trigono- 
‘netric parallaxes are available. The (U,V)-loci for a 
‘ew RR Lyrae variables with well-determined proper 
“notion and radial velocity are shown as broken lines; 
he luminosities were assumed to be +0"5+0™25. The 
lwo stars that form the wide binary HD 134439/40 fall 
off the diagram at (U,V)=(—280,—420). There are 
wo interesting features of Fig. 1. 

(1) If we draw a line through the diagram at 
V=—210, which represents the currently accepted 
value for the galactic circular velocity at the sun’s dis- 
‘ance from the galactic center, it will very nearly lie 
‘it the center of the V-distribution of the plotted stars. 
[f this is the correct value for the circular velocity, the 
sample of stars considered here is equally divided be- 
tween those with direct and those with retrograde galac- 
tic orbits. In other words, the system of extreme sub- 
dwarfs does not take part in galactic rotation. However, 
if we assume an erstwhile value near 300 km/sec for 
the circular velocity, HD 134439/40 is the only system 
moving in a retrograde orbit. 
| (2) In spite of the small sample, there are two or 
three remarkable clumpings in the distribution of (U,V)- 
loci. The two loci that intersect near Groombridge 1830 
are both members of the group previously discussed 
(Eggen and Sandage 1959) and the variable indicated 
by the broken line is RR Lyrae. [Photometric data for 
two additional members of the group has been obtained 
with the 74-inch reflector since the figure was drawn. ] 
The largest clumping involves six stars that intersect 
near (U,V) = (—150,—300). It seems reasonable to sup- 
pose that insofar as their motions are controlled by the 
central force of the galaxy, the six stars are moving in 
isoperiodic orbits, 

The remaining 22 stars have ultraviolet excesses be- 
tween 0715 and 0™2 and the photometric parallaxes 
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were computed from the assumption that their displace- 
ment below the Hyades main sequence is that predicted 
by the blanketing theory. The (U,V)-loci, determined 
from an estimated uncertainty of 0™25 in the predicted 
luminosity, were plotted (not shown here) and again 
some clumping of the loci was noticed. The most con- 
spicuous grouping contains four stars that appear to 
share the space motion of the “‘trigonometric’”’ subdwarf, 
u Cassiopiae. The center of the V-distribution of these 
milder subdwarfs is V~ —175 km/sec. 
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DISCUSSION 


SpPItzeR: I was very much interested in the physical 
groups among these high-velocity stars indicated on 
your slide. What is the physical separation between 
members of one group? 

Eccren: Most of this material is limited to three or 
four hundred parsecs just because the stars that we 
have accurate information for cannot be much further 
away. The stars in the four or five groups that are 
indicated on the slide are actually spread all over the 
sky. Most of them will be at a distance of about 100 
parsecs. 

SPITZER: It seems hard to believe that you should 
have a physical grouping of stars with that big distance 
between them. 

EcGEN: This depends entirely on what mechanism 
you assume for their motions. The whole problem of 
isoperiodic motions comes into this. The motions are 
perhaps not as precisely parallel as once thought neces- 
sary, but the stars might be in isoperiodic orbits. 

Kinc: The thing that surprises me the most about 
the existence of groups like this one, if they do turn 
out to be real, is that encounters with local irregularities 
in mass, like the large interstellar complexes that Mr. 
Spitzer has discussed, should not have changed the 
velocities in a random fashion enough to wash out com- 
pletely groups of this kind. 

SCHWARZSCHILD: I think it is just plain true that 
theoretically-minded astronomers like myself are sur- 
prised and a little worried about this new phenomenon. 
So the strengthening of the observational material to- 
wards proving or disproving this enormously important 
item would appear much worthwhile. 
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INTRODUCTION 
BSERVATIONAL evidence points to one major 
physical difference between subdwarfs and 


ordinary dwarfs, a difference in their chemical com- 
positions. Subdwarfs are metal-deficient in comparison 
with solar-type stars. Subdwarfs, being essentially 
main-sequence objects, can be considered to be homoge- 
neous in composition. Recently, Hazelgrove and Hoyle 
(1959) have also studied the structure of metal-poor 
stars in a comparison of Population I and Population II 
main-sequences. 

In our investigation, models for stars of masses 0.6, 


0.8, and 1.0 solar mass were constructed for several. 


compositions: X, the hydrogen content by weight, 
varying from 0.999 to 0.75 and Z, the metal content by 
weight, varying from 0.01 to 0.001. At the beginning 
of this work, it was not realized that some stars had 
still considerably lower metal contents. We shall 
discuss in a following section the effect of metal abund- 
ances lower than Z=0.001. 


THE DEEP INTERIOR 


The general structure consists of a core in radiative 
equilibrium surrounded by a convective envelope, a 
structure similar to that found by Osterbrock (1953) 
and Limber (1957) for red dwarf stars and Schwarzs- 
child, Howard, and Harm (1957) and Sears (1958) 
for the sun. 

In the core, the opacity is obtained from the tables of 
Keller and Meyerott (1955). The source’ of energy 
generation is due to the proton-proton chain, both 
because of the relatively moderate temperatures and 
the heavy-element deficiency. A family of cores was 
integrated from the center in the way.given by 
Schwarzschild (1958) with the help of an IBM 650 
computer. They were fitted to the adiabatic envelopes 
of Osterbrock (1953). In this way a family of interior 
models was obtained, each model characterized by the 
depth of the convective envelope. 

The luminosity of the star depends essentially on the 
conditions in the deep interior, but the radius depends 
strongly on the conditions on the outside. Therefore, 
in order to determine the radius of a star and thus its 
effective temperature and position in the H-R diagram, 
the outer boundary conditions must be studied in 
detail. 


THE ATMOSPHERE 


The very outer part of the atmosphere is in radiative 
equilibrium. Grey atmospheres were constructed until 
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the region of convective instability of the hydroge 
ionization zone was reached. The opacity is due to } 
negative hydrogen ion at lower temperatures an 
photoionization of hydrogen at higher temperatures, 
It is often assumed that the temperature gradient - 
practically- equal to the adiabatic gradient as soon ¢ 
convection sets in. Vitense (1953) has shown that in th 
case of the sun one must take into account the combi 
effect of radiation and convection transports in th 
hydrogen convection zone. The temperature gradier 
is then intermediate between the radiative and conve 
tive gradients. This approach, first suggested b 
Biermann (1945), recently used by Kippenhahr 
Temesvary and Biermann (1958), requires the know 
edge of the mixing length, or the distance travelled by 
convective element before losing its identity into 
surroundings. This mixing length ¢, is of the order « 
magnitude of the pressure scale height H in # 
atmosphere. i 
Under these conditions, the energy flux in th 
atmosphere can be written | 


Frotal= Feat Peony; (1 


where Ftotai, Praa and Foony denote the total, radiatiy 
and convective flux respectively. 
Equation (1) can be written 


oT ta Sars cn (S =) -(< ~)|, 


where 7, P, p and SC represent the temperature, pres 
sure, density, and opacity, respectively, at a dista 

r from the center of the star. T, is the effective al 
perature, g the surface gravity, o Stefan’s constant an: 
Cp the specific heat at constant pressure of the materia 
The average velocity of a convective element is denote 
by v and the subscript “ad” stands for “adiabatic.” 

A comparison between Vitense’s solar atmospher 
model (1953) and the interior model for the sun b 
Schwarzschild, Howard and Harm (1957) points to. 
ratio of ¢/H equal to 1.5. 

The first series of calculations for subdwarfs wa 
made with ¢/H=1.0 (Demarque 1960). Recently | 
néw series of models with (/H=2.0 has been compute: 
for comparison purposes. The results are illustrated i L 
Fig. 1. The calculations were automatic for any give! 
effective temperature, surface gravity and chemica 
composition. 


DESCRIPTION OF RESULTS 


The principal results are found in Fig. 2, which is | 
theoretical H-R diagram (Myo vs logT. diagram). Th 
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| 
i 
| Fic. 1. The effect of the choice of the mixing length ¢ on the 
/racture of the hydrogen convection zone is illustrated. In this 
‘cample, for 5.0< logP<8.0, the value of (dlog7/dlogP) is 
aperadiabatic. 


Cie 
5.0 


Locp #0 


bur main-sequences indicated correspond to four 
lifferent chemical compositions. They are metal-rich 
Z=0.01) and metal-poor (Z=0.001), helium-rich 
/X=0.75) and helium-poor (X=0.999 and X=0.99). 
\ decrease in metal content, keeping X fixed, from 
7=0.01 to Z=0.001 corresponds to a shift of about 0.3 
‘nagnitude in the position of the main-sequence. 
imilarly, a change in the value of X from 0.999 to 
75, keeping Z fixed, corresponds to a shift in the 
osition of the main-sequence of about 0.7 magnitude. 
On each sequence, the circles represent stars of 
nasses 1.0, 0.8, and 0.6MO, respectively, from high to 
ow effective temperature. It is interesting to note the 
‘emarkable spread in luminosity of stars of the same 
mass, but with different chemical contents, a fact of 
‘much interest from the point of view of evolutionary 


theory. 


X= 0.75 
Z=0,00) 


4,0 
j Wits». 


5.0) 
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Fic. 2. Relative positions of main-sequences for 
different compositions. 
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It also appears that the respective effects of metal 
deficiency and helium deficiency counteract each other, 
thus tending to keep metal-poor helium-poor main- 
sequences close to metal-rich helium-rich main- 
sequences. One can determine the relationship between 
the effect of a small variation 6Z in the metal content 
and the equivalent 6X in the hydrogen content keeping 
the position of the main-sequence unchanged. From 
homology considerations, one finds 


5Z =0,0698X. (3) 


Similarly, an homologous transformation enables us 
to extrapolate to Z values lower than 0.001. One finds 


(Z+-0.01)R-*5= constant, (4) 


which indicates a small sensitivity of the stellar radius 
R to a very small change in the metal content. 
Physically, this can be explained by the fact that the 


Frc. 3. Comparison with the data of Sandage and Eggen (1959). 
The symbol @ stands for members of the Groombridge 1830 


group. 


opacity is mostly due to the free-free transitions of 
hydrogen and helium and not to the bound-free transi- 
tions of the metals. It appears, therefore, that a main- 
sequence of metal-free stars (Z=0) would lie very close 
to a main-sequence of stars with Z=0.001. 


COMPARISON WITH OBSERVATIONAL DATA 


The lack of an accurately determined mass for a 
subdwarf star is at the moment a most serious handicap. 
Wyller (1956) has obtained the mass of the components 
of 85 Pegasi, which unfortunately do not exhibit strong 
subdwarf characteristics. The situation is still worse in 
two cases quoted by Eggen and Sandage (1959), ADS 
10938, with only three observations since 1900 and 
ADS 1644, which has an unfavorable inclination near 
90°. 

Positions in the H-R diagram can nevertheless be 
compared. Figure 3 shows the results plotted in the 
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color-magnitude diagram (M, vs B-V diagram). The 
points represent observed subdwarfs which have been 
corrected for their ultraviolet excess, due to weak line 
blanketing, by Sandage and Eggen (1959). The bolo- 
metric corrections of Kuiper (1938) and the colors from 
Johnson and Morgan (1953) have been used. The 
dashed line represents the position of the Hyades 
main-sequence from Sandage (1957). It is interesting 
to see that subdwarfs then lie on or above the Hyades 
main-sequence and fall satisfactorily in the area of our 
models. This result is in good agreement with photo- 
metric scanning by Melbourne (1959). The three 
members of the Groombridge 1830 group seem to lie 
systematically below the others, suggesting a higher 
helium abundance. 
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DISCUSSION 


ScHWARzSCHILD: I cannot help but feel extreme 
pleased to see an investigation of this nature presenti 
us with such a substantial body of carefully constructe 
models. This is in happy contrast with some other rec 
occasions where we were presented with flow diagrat 
and similar details of. modern computational techniqu 
and then had to wait a long time before we got to _ 
actual astronomical results. 

One point Dr. Demarque discussed appears to D 
terribly important, namely his new ideas of how to u 
his detailed models to possibly estimate the heliu 
content of the subdwarfs. The subdwarfs presumab! 
represent the composition of the galaxy in its ear 
stages. Obviously it would be of very great importan 
to know whether the galaxy started with a compositic 
of pure hydrogen. If we can trust Dr. Aller, I take it thi 
this problem has not been answered by spectrsca 
observations. 

ALLER: You can trust what I say in this connect 
because there is nothing known. 

EccEN: In connection with the models of D 
Demarque I would like to point out that we do hay 
observations bearing on the masses of subdwarfs. The: 
exists no one good case of a subdwarf in a binary ¢ 
which you can say with assurance what its mass i 
But when you use the inadequate information as we 
as possible we consistently come out with small 
masses than we would expect. 
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HE most striking characteristic of the spectrum 
of a G or F subdwarf is that the metallic lines 
e weak compared with those of a normal star of the 

‘me surface temperature. Earlier investigations of 

P 19445 and HD 140283, based on plates secured by 

, F. Sanford suggested hat these features required a 

_rdrogen/metal ratio of the order of ten times that 

| the sun (Chamberlain and Aller 1951). Stars which 
id been classified as A were relegated to late F spectral 
ee. Subsequent work has shown that these metal 
| were actually underestimated and the 
_rdrogen/ metal ratio is more nearly of the order of a 

e times greater than the solar value. The Bur- 


dges (1956) investigated several stars, finding a range 
objects with varying amounts of metal depletion, 
though no stars appeared to be more extreme than 
D 140283. Recently, Baschek (1959) has published an 
‘vestigation based on plates secured by Unsdéld at Mt. 
| a Miss Roman (1955) has measured subdwarf 
lors while spectral energy distributions have been 
easured by Melbourne (1959). The blanketing effect 
r been studied by Schwarzschild, Howard, and Searle 
| (955), and most recently by the Burbidges, Sandage, 
ad Wildey (1959) who have shown that when appro- 
‘iate corrections are made for the blanketing effect 
ie UBV colors for HD 19445 are the same as for the 
in. 
The extreme faintness of these stars renders com- 
‘osition studies difficult; the most interesting objects 
te of the seventh magnitude or fainter. Furthermore 
nee the lines (particularly those of ionized metals) 
te extremely weak, it is necessary to use high disper- 
‘ons and therefore long exposures with large telescopes. 
The most extensive high-dispersion studies have been 
higse carried out on coude plates secured at Mt. Wilson 
od Palomar (Aller and Greenstein 1960). This study 
Mbraced the three G-type subdwarfs, HD 19445, 
(D 140283, HD 219617 and the A-type subdwarf 
{D 161817. The first two stars were studied in great 
etail on Palomar coude plates that had a dispersion 
£4.5 A/mm. We used a curve of growth procedure in 
‘hich the stars were compared differentially with the 
an. No attempt was made to obtain the temperature 
tom the line spectrum. Rather, we used Melbourne’s 
1959) spectral energy scans corrected for line blanket- 
ig to obtain the temperatures of. HD 19445 and 
{D 140283. For the other stars it was necessary to use 
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| TABLE I. Correction factor to solar abundances. 
. 


h 0.30 0.20 0.14 
Fe/Si 0.107 1.05 1:19 
Pb/Si 1.19 1.27 1.54 
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the UBV photoelectric colors. A comparison of the 
enhanced and neutral lines of calcium, iron, chromium, 
and titanium then gave the electron pressures. For the 
sun we assumed a temperature of 5700°K, logP.=1.30. 
The results for the three cool subdwarfs were: 


HD 19445. HD 140283 HD 219617 
Temperature 5800°K 5450°K 5900°K 
LogP. 0.90 0.34 0.85 


Notice that these so-called F subdwarfs are really G 
subdwarfs, and extreme weakness of the lines produces 
the appearance of the spectra. 

Subdwarfs show a range in composition. As com- 
pared with the sun, the metal/hydrogen ratio shows a 
deficiency of 20 for HD 219617, 40 for HD 19445, and 
100 for HD 140283. Baschek finds an even greater 
metal deficiency than this for HD 140283. He used a 
model atmosphere and Unsdld’s curve of growth. 

The deficiency is not the same for all elements. For 
example, the carbon abundance as derived from the 
CH lines indicates a depletion considerably greater 
than that of the metals. The logarithms of the depletion 
factors for carbon are 


HD 19445 HD 219617 HD 140283 
eae) mors) +3.40 
+2.25 +1.95 +2.90 


(stratification) 
(uniform distribution) 


The figures in the first row are deduced from a model 
in which the molecular CH is assumed concentrated in 
the superficial layers, whereas in the last row it is 
assumed that both the CH and metallic lines are formed 
in the same layers. On the other hand, nickel shows a 
smaller depletion than does iron. Nucleogenesis argu- 
ments have been proposed to account for these 
differences. 


THE INFLUENCE OF DIFFUSION 


We must now consider whether the atmospheric 
abundances in subdwarf stars are affected by diffusion. 
Thermal and pressure gradient diffusion would both 
act to cause the heavier elements to sink downwards 
more rapidly than the lighter elements. Over periods of 
time comparable with (or greater than) the age of the 
solar system, thermal diffusion could produce noticeable 
alterations in abundance ratios for shallow convection 
zones. The importance of this effect may be guessed 
from the following calculations carried out for the sun 
(Chapman and Aller 1960). The entries in Table I give 
the factors by which the indicated abundance ratios 
(as obtained for the present solar atmosphere) have to 
be multiplied in order to get the abundances at the 
time of the formation of the solar system. It is assumed 
that the depth, h, of the convection zone (expressed in 
units of the solar radius R) has remained the same for 


399 


400 LAWRENCE H. ALLER 


+3 


the last 4.510° years. Hence the diffusive depletion 
will depend critically upon the depth of the convection 
zone, being very large for shallow layers. One might 
suppose that if the subdwarf convection zone is very 
shallow and if the star is very old, diffusion will have 
played an important role. 

On the other hand, if diffusion were to account for all 
heavy element depletion in subdwarfs, we would ex- 


pect a smooth dependence of depletion factor on atot 
weight. The observational data, although affected 
considerable uncertainties do not substantiate this co 
clusion. The abundance abnormalities are pro 
produced essentially by nucleogenesis effects. Althou 
diffusion could play an important role in regulating t 
absolute number of atoms in the atmosphere it ca: 
affect such observables as the Vi/Fe ratio which 7 
to be abnormal. _ i 
Accurate data on additional stars would be ve 
much worthwhile. In the meantime, the existing m 
terial should be analyzed by model atmospheres su 
as those described by Swihart. What is needed is as 
of calculations for a network of model atmospheres’ 
predict profiles and equivalent widths as a function. 
effective temperature, surface gravity, and meta 
hydrogen ratio. For any given star the temperatu 
can probably be deduced from the measured ener 
distribution. The surface gravity and metal/hydrog 
ratio could then be found from a comparison of 6 
served and predicted data. Such a program is wi 
within the range of modern computational resouret 
It is particularly important to calculate the profiles 
the stronger lines by model atmosphere methods. 
example, the H, profile calculated with Swiha: 
earlier (1956) model atmosphere and with the Kol 
Griem theory (1959) gives a fairly good agreemel 
with observations for HD 140283, but there are indi 
tions of extremely broad wings. From )4000 to 
Balmer limit, overlapping wings of the hydrogen lin 
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ay make a considerable contribution to the “con- 
quous” absorption. Further calculations (based on 
vihart’s new set of model atmospheres) are projected. 
| 
| MEAN ATMOSPHERIC PARAMETERS 

‘Pending the detailed calculations one may make some 
ugh predictions concerning the properties of subdwarf 
mospheres. I shall describe here the results of some 
Iculations by our Michigan group in which we sup- 
sed that the hydrogen/metal ratio was 30 times 
eater than in the solar atmosphere, log depletion 
1.50; i.e., the ratio corresponded roughly to something 
tween that found in HD 219617 and HD 19445. It 
as assumed that the spectrum was formed at an optical 
:pth 7=0.4. First, the relation between gas and elec- 
on pressure was calculated for this metal-poor mixture 
\ller 1953; 1960). Then the relation between gas pres- 
ire and absorption coefficient was found, i.e., «(P,,7), 
t \4250. If « is taken as equal to its mean value in the 
1e-producing layers, then 


P= (g/k)T0. 


ith zo chosen as 0.4, we derived P, as a function of 
=5040/T with the surface gravity, g, as a parameter. 
ikewise, since P,(P.,0) is known, we can find P.(6). 
The surface gravity is known as a function of surface 
mperature for normal main-sequence stars. We as- 
imed the same relation (Russell 1934) to hold for main- 
quence stars of population Type II, viz. 


log g=3.79-+-0.64 6 


vhere g is given in cgs units). Calculations were also 
tended to the giant stars in the globular clusters. In 
cordance with present evolutionaryfconcepts, the 


mass was taken as a constant equal to 1.3 solar masses. 
The bolometric magnitudes and temperatures were 
taken from the work of Sandage (1954), and the corre- 
sponding surface gravities calculated in a straight- 
forward way. 

The relation between gas and electron pressure differs 
from that obtained for stars of normal composition in 
that hydrogen continues to supply electrons to much 
lower temperatures. In the subdwarfs, of temperature 
6000°K or more, the electrons are all supplied by 
hydrogen. At temperatures as low as 4000°K the elec- 
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trons are supplied by the metals as in normal dwarfs. 
Hence, Greenstein has noted that it is not surprising 
that he has been unable to find weak-lined objects 
among the very coolest stars. Notice that at these lower 
temperatures in the subdwarfs, the opacity per gram is 
greatly reduced since the metals supply the electrons 
for the formation of the negative hydrogen ion. The 
total amount of material above the photosphere is 
thus greatly enhanced, but the number of metal atoms 
above each square centimeter of the surface is roughly 
the same as in population Type I stars. 

Here I shall summarize the results only for the main- 
sequence stars which are tentatively identified with 
subdwarfs. At 6000°K the electron pressure appears to 
be about the same in these stars as in the sun, but at 
5100°K, 0 logP, is about 0.4 and increases to about 0.6 
as the temperature drops to 4200°K ; the electron pres- 
sure is higher in the normal dwarfs. An opposite be- 
havior is shown for the gas pressure which is the same 
in subdwarfs and normal dwarfs at 5800°K, but in- 
creases at a faster rate in the subdwarfs as the tempera- 
ture is lowered. At 4200°K the gas pressure is of the 
order of four times greater in a subdwarf than in a 
normal dwarf. Likewise the mass above the photosphere 
is greater in the subdwarfs than in dwarfs at low tem- 
peratures, the factor being of the order of four at 
4200°K. Accordingly, we might expect more pro- 
nounced pressure broadening effects in cool subdwarfs 
than in cool normal dwarfs of the same temperature. 
We would expect subdwarfs to be cooler than normal 
stars of the same level of ionization although the 
effects would be small. The predicted behavior of the 
lines would be roughly similar in the two sequences. 


MOLECULAR EQUILIBRIA AT LOW TEMPERATURES 


The compounds formed in atmospheres of ‘cool sub- 
dwarfs naturally emphasize the hydrides. We have em- 
ployed the equilibrium “constants” published by 
Pecker and Peuchot (1934). The concentrations of the 
various compounds may be computed in a straight- 
forward manner as has been described by many workers 
(e.g., Russell 1934). The calculations differ from those 
of deJager and Neven (1957) in that not only are dif- 
ferent abundance ratios chosen, but an attempt is 
made (although crudely) to allow for the varying depth 
of the photosphere. Such calculations are necessarily 
very uncertain at the low temperatures where the 
sources of opacity have not all been identified. For a 
rough calculation we assume the following ratios: 
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Assumed log (element)/N (Z) 


ic N O Tt Lr a 
—5.1 ie —4.6 —8.8 —112 


Probably carbon is actually less abundant than we hay 
assumed. At present nothing is known about nitrog 
and oxygen, although data on these atoms could 
found by extending the calculation to the infrared. / 
the higher temperatures OH and CH are the moi 
abundant of observable molecules; CN is very wea 
As the temperature falls, CO and H.0 become the m 
abundant molecules after H». Below 3400°K, molecule 
hydrogen is the most abundant particle in the atmo 
phere; at 2800°K, His ten times as abundant as ato m1 
hydrogen. The calculation of the number of atoms aboy 
the photosphere at low temperatures becomes unreali t 
because of neglected factors in the opacity. CW and C. 
have a maximum near 3700°K and then fall off to low 


. temperatures as the carbon gets tied up in CO. Con 


parison with data secured for normal dwarfs indicat 
that in a general sort of way, the spectra should r 
semble those of normal dwarfs as far as molecules a 


concerned. ; 
t 
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A Series of Subdwarf Atmospheres* 


Tuomas L. SWIHART 


A SERIES of subdwarf atmospheres has been con- 
| & structed on the Los Alamos IBM 704 calculators. 
he temperature range is 4200° to 8400°K, and the 
etal abundances are approximately 1/3, 1/10, and 
Y 100 that of the sun. The continuous spectra of the 
lodels compare satisfactorily with those observed in 
ibdwarfs for wavelengths above about 4000 A, but at 
jorter wavelengths there are important discrepancies. 
a particular, the absorption coefficient which was used 
sould be more sensitive to the metal abundance. 


Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


Bolometric corrections were computed for the models, 
and this allowed a relation between absolute visual 
magnitude and radius to be determined. Although the 
uncertainties are too large to be able to form a definite 
conclusion, this M,—R relation in connection with an 
observed H-R diagram indicates that subdwarfs have 
nearly the same radii and luminosities as normal stars 
of the same effective temperatures. 


* Complete paper to be published in the Astrophysical Journal 
Supplement Series. 


| The transcription of the discussions following the last two papers was not sufficiently accurate for publication. 
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Photographic and photovisual data are presented for 69 cepheids 
in the Small Magellanic Cloud. The region investigated is centered 
on NGC 371 and has a projected area of about 1°X1°. The new 
photoelectrically calibrated magnitude scales are compared to the 
previous Harvard magnitudes and corrections reaching + magni- 
tude at B=17.5 mag. are noted. 

Light curves in B and V are presented for 64 of the cepheids. 
The light curves compare well in general shape wherever previous 
Harvard light curves are available, but they do not correspond 
well in secondary details, such as ‘“‘bumps.” Periods determined in 
the span 1955-1956 are given, together with their estimated un- 
certainties. An indication that some of these cepheids are shorten- 
ing their periods is discussed. 

Magnitudes at mean light intensity, <B> and <V>, are ob- 
tained by a method of correcting magnitude means. <B>, <V>, 
and the light curve parameters of amplitude, asymmetry, and 
rate-of-rise are given for the cepheids. The average error in 
<B>, <V> magnitudes for the bright cepheids is estimated to 
be +£0.03 mag., increasing to about -+-0.05 mag. for the fainter 
cepheids. 

The residuals from the mean period-apparent magnitude rela- 
tion, A<B>, and the residuals from the mean color-magnitude 
relation, A(<B>—<V>), are tabulated. Cepheids which are 
intrinsically redder than average are expected to also be in- 
trinsically fainter than average. In fact, the intrinsic ratio of 
A<B>° to A(<B>—<V>)° is so close to the reddening-to 
absorption ratio that the close correlation which exists between 
these residuals cannot be used to determine the reddening for the 
cepheids. 

Instead, a method is developed whereby only <B> and the 
amplitude, Bmin—Bmax, are needed to obtain absorption for in- 
dividual cepheids. To accomplish this it is shown that the residuals 
from the mean period-amplitude, period-asymmetry and period- 
rate-of-rise relation is large compared to observational errors. 
Therefore, the shape of the light curve as indicated by these pa- 
rameters is indicative of where a cepheid falls in the instability 
gap in the color-magnitude diagram. Because the absorption in 
the particular SMC field investigated is not large, the intrinsic 
relation between A<B> and A(Bmin—Bmax) is not scattered be- 
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yond recognition. Deviations from the inferred narrow, intrins 
relation can be measured and attributed to absorption. The mez 
reddening in the field determined in this way is <Ez_y >=0 
mag. This value checks very well with the mean reddening d te 
mined from three-color measures of supergiants in this field. B 
cause this method of determining reddening only requires B lig! 
curves, and because the absorption measures are 4 times tl 
reddening, the method seems promising for use in faint galaxi 
where accurate color measures are difficult. 

All the cepheid parameters are then corrected individually f 
reddening and absorption, and tabulated. The unreddened perioi 
color and color-magnitude relations are shown. The P—L rel 


tions are: ‘ 


<B>%=17.45—2.25 logP | eye estimated linear fit to unreddent 
<V>°=17.05—2.47 logP J magnitudes at mean light. 


From the position of the unreddened points in the color-magi 
tude diagram, the slope of the lines of constant period is er 
pirically determined. On the assumption that the P./p=con 
law is applicable to cepheids, the logT., (<B>—<V>)° relatic 
which is needed to predict the observed slope of the constar 
period lines is computed. The effect of nonhorizontal evoluti 
through the cepheid gap, indicated by young SMC star cist 
is included in the computation. The empirically determined slo] 
of the lines of constant period is confirmed by its prediction of t 
observed dispersion about the P—L relation and its prediction « 
the observed slope of the A(<B>—< V>), A<B>»° relation. | 

One cepheid in the present sample is like the cepheids wit 
periods around one day and shorter, and at about B=17 mag 
which Detarayet and Landi Dessy showed to be members of tf 
SMC. The results on the cepheid observed here, P=14, sugge 
that this group is probably varying in higher modes and bears tl 
same relation to the longer period SMC cepheids as the RR Le 
c types do to the RR Lyrae a and b types. 

It is pointed out that cepheids appear to evolve through # 
gap in the SMC clusters along a line of constant period. Thi 
circumstance may be accidental, but, if it is not, there seemaiy 
be no explanation for why it is so. Z 


12. Accuracy of Parameters and Sources of Error. 

13. The Measured P—L Relation. 

14. Observed Place of the Cepheids in the Cole 
Magnitude Diagram. | 
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. The Dispersion About the Mean P—L Relation. 

. The Correlation Between Deviations from the 
Mean P—L Relation and Deviations from the 

| Mean Color-Magnitude Relation. 

}. The Width of the P—L Relation and Color- 

Magnitude Domain. 

4, SMC Cepheids with Periods Near One Day and a 

Test for Overtones. 

). Nonvariable Stars in the Same Field as the Cepheids. 

). Evolution of Cepheids in the Color-Magnitude 

Diagram. 
'. Period Changes. 


OBSERVATIONS 


1. Introduction 


4 q 

»)JAPERS III, V, VI, and VIII of this series (Arp 
» 1958 c,d; 1959 a,b) presented color-magnitude 
 agrams of stars in various clusters and fields within 
‘ie SMC. Originally the major aim of that photometric 
‘vestigation was to derive very accurately the dis- 
‘ince modulus to the SMC by means of these color- 
“\agnitude diagrams. The intention was then to use 
+ \is modulus in conjunction with special kinds of ob- 
iets, such as cepheids, to calibrate distance criteria 
ir use in more remote galaxies. 

' Since it turned out that the color-magnitude dia- 
“tams obtained in the SMC did not resemble very 
 osely diagrams of any stars in our own galaxy, there 
' still uncertainty as to the precise modulus of the 
MC. Since there is a range in ages of the stars in both 
: ystems, presumably the cause of the differences in the 
olor-magnitude diagrams is different chemical com- 
osition between the stars in our system and in the 
MC. Therefore, even if we knew the precise modulus 
+) the SMC, the cepheids could not be expected to be 
lentical to cepheids in our own or other galaxies. 
“ndeed, the observations which are presented in the 
dllowing pages show that the SMC cepheids are dif- 
»rent in several respects. 

The effect of a change in chemical composition on the 
eriod-luminosity law is at present not known. There- 
wre, the distance modulus to the SMC from this 
fiterion and the absolute magnitudes of the cepheids 
1 this and other systems is still somewhat uncertain. 
tis clear that before we can calibrate more accurately 
he cepheid luminosities we need to know more about 
‘he pulsation process itself. Fortunately the data pre- 
‘ented in the present paper appear to be accurate 
inough to give a much better understanding of how 
lepheids behave as a function of temperature, lumi- 
sity, and period. Once this, or other data, enable the 
‘ffect of chemical change on the period-luminosity law 
0 be calculated, then the modulus to the SMC can be 
btained from the present data. Of course, the lumi- 
{0sity of cepheids may turn out to be insensitive to 
| things as composition differences and then the 
| *—L relation presented here could be used straight- 


SOUTHERN HEMISPHERE PHOTOMETRY 


405 


away in all systems to derive distances. Nevertheless, 
at the moment we cannot demonstrate this to be true, 
and therefore do not know the size of the error we 
might make in assuming it to be true. 


2. Observing Techniques 


The Royal Observatory at Capetown kindly made 
their McClean refracting telescope available on a 
number of nights each month between November, 1955, 
and July, 1956. That twin refractor was used to expose 
two photographic plates simultaneously. An Eastman 
103a-O plate behind an Omag 301 yellow filter was ex- 
posed through the visually corrected 18-in. diameter 
lens. An Eastman 103a-O plate behind a GG13 ultra- 
violet cutoff filter was exposed through the 24-in. 
photographically corrected lens. This procedure enabled 
sets of photographic plates to be obtained which 
(1) Yield magnitudes on the Johnson-Morgan B, V 
system when measured relative to B, V standards on 
the same plate; (2) Have limiting magnitudes fainter 
than B=18 and V=17 for one-hour exposures with 
average seeing; (3) Record photographic images at a 
scale of 30764/ mm over an area more than 1° square 
which is free from optical aberrations. 

A total of 27 plates in each color were obtained in 
this way for the cepheid field investigated here. The 


Tas_eE I. Standard magnitude sequence for 
measurement of cepheids. 


V B V B 
values adopted values 


Primary Standards 


a AOR I2E 27, 11°05, 12°27 ‘star Zin: SHP It 
b 13.91 15.48 13.86 15.44 
c Ich) AREY? 13.34 13.80 
d 16.61 16.31 16.56 16.38 
e 15.91 17.26 TIBI), AW GPS) 

Supplementary Standards 

f 14.43 14.56 
h 16.46 16.80 
i 16-15) 16:01 
j 16.0 17207 
k 15.95 15.95 
2064a USP 1264 
b 14.26 14.21 
c 15.538 9 lon22 
843a 12.64 13.80 
b 13.91 14.42 
c 14.94 15.03 
d 15,05 cee ls035 
e 15.99 16.12 
837a 14.08 14.09 
b 14.85 15.01 
1898a 14.08 14.05 
14.48 14.62 
c 15:95) 16.13 
d 14.97 16.32 
e 16.58 16.73 
856a 14.78 14.79 
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spacing in time of these plates throughout the eight 
months is shown in the first column of Table III. 


3. Standard Magnitude Sequence 


Values of the five primary standards (a through e) 
for the present cepheid field are given in Table I. These 
five stars were measured photoelectrically, with the 
Radcliffe 74-inch reflector. (Technique described in 
SHE, Tir} 

Five supplementary standards (f through k), which 
were close to the color of an average cepheid, were 
chosen near the center of the region to better define 
the iris-diaphragm calibration curve on each cepheid 
plate. Supplementary standards were also chosen near 
the edge of the plate to check any magnitude errors 
which varied with position on the plate. These last 16 
supplementary standards are prefaced by the Harvard 
variable number which they are near. All the primary 
and supplementary standards are identified by lower 
case letters in Plate I. 

A number of bright stars in this region have been 
measured photoelectrically (SHP II). Faint photo- 
electric standard stars in the region of NGC 361 
(SHP V) are also available on the edge of the cepheid 
field of Plate I. There are some photoelectric standards 
in the corner of the field near NGC 330 (SHP VII). 
Finally, there are some faint stars (unpublished) which 
the author measured with the 74-inch reflector on the 


HAD DON Ga A RP 


Plate I. Reproduction of on 
the photographic plates used 
measure cepheids. The loose | 
cluster in the center is NGC. 
and the compact cluster in 
upper right is NGC 330. The y 
ables are identified by their FE 
vard variable numbers with 
exception of three new varia! 
discovered here—Arp a, b, ant 
te The magnitude standards are ic 

ae tified by lower case letters. ’ 

of print is from a B plate taken y 
the 24-inch refractor of the Re 
Observatory. 


pee Wee 6% 


Re 


edge of NGC 371, which is the center of the presi 
cepheid field. 

The five cepheid primary photoelectric standa 
plus all the additional photoelectric standards j 
mentioned were measured on a number of photograp 
plates. The plates had been taken in B and V with bi 
the 74-inch reflector and the 24- and 18-inch refract 
The plates were of varying exposure times and cent 
All the measures were combined to give the final, pho 
graphically smoothed B, V values listed in the | 
column of Table I. It is estimated that the standards 
Table I have random and systematic errors less tl 
0.05 mag. 


4, Supplementary Standards Near Edge of Regio1 


In deriving the magnitudes of the supplement: 
standards near the edges of the refractor plates, me 
ures showed that the sky background was variak 
When the sky background near a supplementary sta 
ard was darker than near the primary sequences n 
the center, then the supplementary standard measu 
too bright, and vice versa. These differences in s 
background are thought to be partially due to r 
differences in background light of the SMC and p 
tially due to variations in emulsion sensitivity plus 
veloping across the face of the plate. This is illustrat 
in Fig. 1 where the average sky density is shown to 
higher in the region of HV 843. Enough random flucti 
tion is present, however, to derive the magnitude of 1 


| 
| 
| 


ipplementary standard at a sky difference of zero. 
his procedure was used to derive the standard mag- 
itudes of all the standards in Table I which are pref- 
ced by an HV number. Figure 1 is only a sample of 
wree stars showing, as expected, how the sky back- 
round difference becomes more important as the star 
ecomes fainter. The procedure is of course somewhat 
pproximate because the two effects should not exactly 
acel each other out. It is the only way to proceed 
nder the circumstances, however, and checks were 
vailable from photoelectric sequences in various outer 
gions discussed in Sec. 3. 


5. Selecting the Cepheids and the Area Observed 


The area investigated here for cepheids is shown in 
late I. It is centered on the loose open cluster NGC 371. 
his particular area was given priority because (1) It 
mtained the maximum number of cepheids without 
rious crowding by the star field to this magnitude 
vel; (2) It has the minimum variation of sky back- 
round light, and therefore presumably the least 
bscuration of the available regions. (3) It covered a 
gion containing very bright young stars as well as 
gions which appeared to be representative of the 
eneral background of the SMC; (4) It was near regions 
hich had been investigated to faint limits in earlier 
apers in this series. 

A list which summarizes all cepheids which have 


843 b 


14.42 
Y 


-l0 O +10 +20 


Asky (photometer reading) 


+20 


Fic. 1. Dependence of derived magnitude on value of sky back- 
ound for supplementary standards in outer regions of field. 

point represents the magnitude derived, plotted against the 
easured difference in sky background between the sky near the 
pplementary standard and the sky near the primary standard 
which it is referred. The adopted magnitude is read at A sky =0. 
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TABLE II. Magnitude measures in Harvard magnitude sequences. 


Harvard Arp Harvard 
sequence no. V B* Moog 
US) & 13.41 13.35 ieee 
t 13.97 jeg) 13.73 
u 14.32 14.22 14.11 
v 14.70 14.97 14.74 
w 15.46 15.34 IB /Al 
ct 1563 15.63 1539 
y 14.77 16.10 15.63 
Z (16.39) 16.46 15.96 
a (16.99) 16.96 16.41 
42 
v 14.61 14.73 14.39 
w 14.52 14.66 14.59 
cee 14.09 15932 15.06 double 
a’ 15.64 16.19 15.66 
B 15.98 16.28 15.85 
y (16.88) 16.64 16.34 
) (16.72) 17.42 16.71 double 


* Mean of measures on two plates for stars in Sequence 15 in B; rest of 
measures from single plate. 


Harvard variable numbers in the SMC has been pre- 
pared at Mt. Stromlo. This list, kindly sent to me by 
Gascoigne, enabled the positions of 180 cepheids to be 
plotted over a region of 76’X76’ centered on NGC 371. 
Coincidence of these plotted positions with stars on 
the photograph of the right approximate brightness 
enabled positive identification of the majority of 
the cepheids. Nevertheless, a number of photogra- 
phic plates were blinked to check that all the 
cepheids identified were stars which were actually 
variable on the plates to be measured. In this process a 
number of uncertain identifications were resolved and 
two new variables were discovered (Arp a and Arp b). 

All single uncrowded cepheids within 25’ of the center 
of the plate were selected for measurement. In order 
to obtain the largest possible sample of the rare long- 
period cepheids, all cepheids of period greater than 10 
days were measured regardless of how far from the plate 
center they fell. In this way a group of 69 cepheids were 
selected for measurement. This was the largest sta- 
tistical sample that it was felt feasible to undertake to 
measure. The sample included as many long-period 
cepheids as possible and restricts measurement to the 
central portion of the plate, particularly for the faint 
variables, as much as possible. 


6. Comparison to Harvard Magnitude Scale 
and Harvard P—L Relation 


The best-known and most often used cepheid P—L 
relation is that published by Shapely (1940). The mag- 
nitude sequences used in that determination are given 
in another publication by McKibben (1940). Two of 
those Harvard magnitude sequences, Nos. 15 and 42, 
are centrally located in the region investigated here. 
Table II lists the magnitudes of some stars in these 
Harvard sequences as measured on two refractor B 
plates for sequence No. 15 and one B plate for No. 42. 
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4mag=B-Mpg Harvard 


Fic. 2. Corrections to the original Harvard SMC magni- 
tudes (new magnitudes minus old) as a function of the new 
magnitudes, B. 


V magnitudes for these stars, as measured on one plate, . 


are also given in Table IT. 

There is a systematic scale error in the Harvard 
magnitude sequences relative to the magnitude scale 
based on photoelectric measures which are used here. 
This systematic difference in the magnitudes is illus- 
trated in Fig. 2, where the differences, from Table II, 
between the Harvard magnitudes and the B magni- 
tudes are plotted as a function of B. 

A similar scale difference is indicated by comparison 
of Harvard light curves to light curves published by 
Gascoigne (1954). It would seem that it is the primary 
Harvard sequence I in the SMC which is in error. The 
details of the origin of that sequence are difficult to 
discover, but apparently magnitudes were photographi- 
cally transferred from the north polar sequence to the 
C regions, C1 and C2. Then a combination of photo- 
graphic transfers and diffraction grating techniques 
were used to transfer to the sequences into the SMC 
(Shapley 1924). The divergence between the photo- 
electrically based magnitude scales in the SMC and 
the original photographic sequence is very’ similar to 
the divergences of the photographically transferred 
Selected Area magnitudes which were discovered by 
Stebbins, Whitford, and Johnson (1950), and may in- 
dicate that the major error in the Harvard SMC magni- 
tude scale originated in the C-region magnitude scale. 

To check the consistency of our results so far, we can 
approximate Fig. 2 by the following straight-line 
relationship : 


m=0.815B+2.52 14<B<18, (1) 


where m is the mean Harvard photographic magnitude 
of the cepheids which gave Shapley the following P—L 
relation: 


m= 17.04—1.74 logP, 
Shapley: original magnitudes; (2) 


by substituting (1) in the above equation to correct 


Lip get) Dyed ht OVI (Oe aN 


the magnitude scale, we obtain: 


B=17.82—2.14 logP, | 
Shapley: corrected magnitudes, — 


which is very close to the P—L relation derived in 
present paper: 


<B> =17.7—2.2 logP, Arp: present investigation. | 


It is interesting to note that the P—L relati 
originally derived in the Large Magellanic Clot 
(Shapley 1940) was closer to the new P—L relation f 
the SMC. The original magnitude scale in the LM 
may have been more accurate than that in the SMI 
although this was not the feeling of Mohr (193% 
Whether there is any intrinsic difference in the P= 
relations between the LMC and SMC must awe 
completion of a current investigation of the LMC | 
Eggen, Sandage, and Wooley (unpublished), ai 
Hodge (unpublished). iy 

It should be noted that there is a zero point differen 
between B and the old photographic scale. By definitit 
the B magnitudes (Johnson and Morgan 1953) 
about 0.17 mag. fainter than m,, (for stars of avera 
color, see Arp 1957). Of course, brighter than B= 
mag., the original Harvard scale is quite good, 
attested to by many observers (Gascoigne 19. 
Fainter than B=14, however, scale errors are prese 
in the early SMC measures, and, as shown by Stebbir 
Whitford, and Johnson (1950), in early extragalact 
measures in general. These scale errors undoubted 
account for such effects as the apparent nonlinearifi 
the P—L relation determined from extragalac 
nebulae as discussed by Kukarkin (1937), Ledoux a 
Walraven (1958, p. 377). 


7. Measuring the Cepheids 


All the plates on which the magnitudes of t 
cepheids were measured are listed in Table III. T 
prefixed letter M designates the McClean refracte 
The plate number follows the M, and in the imme 
ately adjoining column the Julian date of the mid-poi 
of the exposure is given. These times have not be 
given a heliocentric correction. : 

The individual measures on 69 cepheids follow. | 
successive columns in Table III. The Harvard varia 
number is at the head of each column and the cephei 
are arranged in order of period with the longest perio 
first, except for the last five. The periods of these latt 
five cepheids could not be determined satisfactorily al 
they were added to the end of Table III only in ou 
to complete the record. 

Since the B and V plates were always taken togeth 
the time of mid-exposure is the same for both. Only 
the case of M 81 and M 82 are they different. Th 
difference was caused by allowing the V exposure 
run on longer than the B. There is a companion 
plate for every V plate except for M 26 where the col 


TABLE IIL 


MEASURES OF CEPHEIDS 


J.D. HV 1877 HV 837 HV 11182 HV 2064 HV 840 | HV 1967 HV 847 HV 1884 HV 1925 
Plates 248s, £08,560 49.5.3 42.6.4 39.62.2 33.72.3 33.14.2 29.1.1 2724.1 18.11+.04 17,184.07 
|M3,m4 0 peas eee tac aan 14)"70)ad glia) 1418) 19193) 14l54 191490) 1S/80-40k. 1518...) (45.69... . 24,92 139,67 
M7,M8 1,007 1,007 14.31 13.08 13,45 12.85 15.00 13.79 13.99) 13,19 14.66 13.53 13,86 13,19 15.26 14.04 15.72 14.51 14.20 13.73 
M11, M12 2.914 2.914 14.37 13.30 13,63 12.91 15.02 14.10 (14,01) 13.35 14.70 13,63 14,06 13.34 15.28 14.16 15.46 14.52 14.39 13.90 
M21, M22 Baec MODAN TASC) i SeASMie 12502\ crc ISL sole 19083. 6 ca 1864 6, oa, AB044- c a. 14019 6. 14.40. 2, 14005 
| RNC PER DOGO Er Meme9!40) 5596912198 ¢ 6/5 1894 42. 5 13,28 fs 2.1369. 1854 5 aa2n Dj uasge 2S D aalae 
M31, M32 22.802 22.802 13.48 12.98 14.40 13,29 14.37 13.56 15.12 14.00 13,80 12.95 14.02 13.45 14.73 13.87 15.27 14.50 14.72 14.00 
M37, M38 24.910 24.910 13.40 (12.67) 14.54 13.41 14.50 13.62 15.13 13.81 13,92 13.10 13.69 13.00 14.89 13.93 14.55 14.03 14.86 14.00 
Mal, M42 25.990 25.990 13.40 188 14.54 13.48 14.65 19.55 15.17 14,08 14.10 13.20 13.62 13.29 15.08 18.91 14.68 18.92 14.86 14.06 
‘M55, M56 30.991 30.991 13.50 (12.78) 14.80 13.50 14,93 13.50 14.92 14.09 14,39 13.39 13,87 13,23 15.13 14.11 15.19 1417 14,01 13.36 
M61, M62 31,952 31,952 13.46 12.72 14.72 13.52 14.90 13.70 14.81 13,90 14:51 13.41 14.10 13.41 15.22 14.16 15.37 14.22 13.85 13.54 
‘M69, M70 49.892 49.882 |». 13.13 (19.85) 12.89 19.97 19.31 14.74 19.60 (14.01) 19.31 14,79 19.92 14.77 19.85 15.29 14.90 18.77 13.44 
M73,M74 54.837 54.837 14,22(13.33) 13.99... 14:19... 14,96 (13.94) 13.67 toa eee 45,21 (14507) 15.69 (14.68) 14,37 13.88 
‘M81,M82 77.747 77.750 13.57 12.82 deo isd) age 19/68 1486 aaa is.on 19:97 (14,79) 13.88 14,90 13.88 15.20 14.31 14.93 13.96 
M89, M90 79.780 79.780 13.59 12.69 13.59 12.87 15.13 13.79 14.47 13.60 15.14 14.12 14,44 13.77 15.08 13.85 14:52 13.81 14.46 14.08 
M93,M94 «82.796 82.796 13.61 12,74 13,30 12.67 14.93 13.73 (14.64) 13.57 1409 13.49 13.66 13.09 15.23 1409 14.94 14.10 13.99 13.40 
M101,M102 84.823 84.823 13,71... (13.50)... 14.56 13.77 14.82... (13,48) 13.05 (13.73)... ... 1419 ... 14.20 13.88 13.58 
M107,M108 90.796 90.796 13.96 13.07 13.72 12.98 13.91 13.30 15.10 13,95 13.83 13.22 14.11 13.35 14.67 14.01 15.72 14.64 14.56 13.80 
M113,M114 91.797 91.797 14.16 13.10 13.73 12.93 14/19 13.31 15.18 14,08 14/00 13,10 (14.23) 13.35 14:29 13.56 15,63 14.52 14.75 13.79 
M1i7,M118 92.809 92,809 14.18 13,05 13.83 12.87 (13.87:13.30 15.29 14.09 14,10 13,16 14.24 13.39 13,92 13,45° 15.51 14.48 14.90 14.05 
M137,M138 177.080 177.080 13.60 (12. 74) - .. 12,92 14.57 13.40 14.29 13,32 15,11 13,88 14.02 13.27 14.24 13.45 15.44 14.18 14.70 13.94 
M149,M150 200.990 200.990 14.36 (13.19) 14.67... 14.84 13.80 (14.50) 13.70 (14,58) 13.52 13,67 (13,25) 13.90 13.30 15.58 ... 14.52 13.93 
M151,M152 208.049 208.049 14.27 (13.69) 13.70(13.07) 1409... 1417... 15.14... 1420... 1441... 1473... 1442... 
‘Mi59,M160 209.025 209.025 14.40 13.39 13.61(12.71) 13.89 13,22 14.25 13.39 15.06 13.87 14.33 13.52 14152 13.70 14.89 1410 14.45 13.90 
‘M163,M164 209.947 209.947 14.51 13.33 13,23 (12.71) 14.11 13.27 1419 13.30 15.14 13,94 14,31 13,51 14,70 13.70 .14.98 14.11 14.61 13.75 
M171,M172 229.904 229.904 13.62 12.89 14.20... 14,94 13.89 15.14 14,08 14.47 13.49 13.75 13.13 14,00 13.41 15.23 14.22 14.70 13.98 
M179,M180 230.925 230.925 13.68 12.72 14.36 13.12 15.01 13.67 15.19 14.13 (14.61) 13.40 13.80 13.12 14.17 13.43 15.29 14,18 14.89 14.03 
M183,M184 231.910 231.910 13.66 12,87 14,38 13.19 15,02 13,68 15.16 14,04 (14,57) 13.49 13.80 13.09 14.21 13.57 15.34 14,33 14.88 13.90 
TABLE III -Continued 
HV 19 Vv 1787 Hv 843 H “HV HV 
Plates 16,712.02 16,224.04 14,704.02 14,504.05  13,76+.04 12,914.02 12,594.03 12,134.03 11,434.02 11,184.02 
M3,M4 14.96 13.98 1487... 16.57 -15.37 ...... 1476 1422 15.53... 1492... 415.01 14.61 15.13 14.47 15.59 14.81 
M7,M8 15.00 14,04 15.22 14,03 16.52 15.18 15.11 14.38 14.56 13.96 15.31 14.75 14.70 1413 i482... 15.38 14.49 15.59 14.72 
Mili,M12 14.70 13.99 15.54 1442 ... 14:95 15,31 14:47 1418 13.92 14.88 ... 14.35 14,06 15.00 (14.48) 15.63 14.61 15.90 14.12 
Meare 14AT A888 4 1433 fs) 14.40 2). 1450 (49114 it |. 1450... 1421 1... 1480 2... «1472 1. 14,82 
et each re ANGI a 1436 es i L470) le gp Sk Os dao 6 fk kat oS ae 2 14mg. fy 2 1aise 
M31,M32 14,26 13.69 15.48 14.66 15.27 14.56 ... 14.71 15.12 14.49 15,91 15,04 15.40 14.76 15.75 14.84 15.20 14.50 15.56 14.64 
M37,M38 13.73 13.32 15.01 14.25 15.62 14.80 15.25 14.40 15.18 14.38 15.67 14.96 14.90 14.40 14,88 14.28 15.50 14.45° 14.96 14.14 
M41.M42 13,99 13.46 15.19 14.26 15.98 14.70 14.65 14.13 15.12 14.49 15.50 14.86 14.84 14.19 15.10 14,30 15.50 14.70 15.01 14,33 
EE 10) MIE RR Us Soo a dota d Grell GM Ue! Oelog! as se ee a u's Vt SE Sea a hata) 6168 one 
M55,M56 14.62 13.93 14.69 13.85 16.03 15.00 15.47 14.27 14.23 13.85 15.14 14,63 15.01 14.27 : 2 | (45,05) 15.24 14140 15.74 14,80 
M61,M62 14.83 13,99 14.83 14.06 15.82 14.71 15.68 14.38 14.75 (14.20) 15.24 14,60 15.34 14.40 15.82 14:85 14.86 14.30 15.92... 
M69,M70 14.91 14,01 14.29 (15.01) 14.33 15.73 14.65 (15.17) 14.45 15.71 14.99 15.02 14,39 14.84 14.30 15.93 14.84 15.24 14.40 
M73,M74 14.54 13.87 15.68 (14.63) 15.78 14.83 14.70... 14.89 ... 14.86 1431 15.00 14.19 (15.51)(14.71) 14,77 14.30 15.91... 
M81.M82 14.26 13.71 14.40 13.82 15.67 14.83 15.31 14.63 15.20 14.31 15.71 14.78 14.21 13.84 15.40 14.79 14.69 14.02 15.81 14.69 
M89,M90 14.60 13.82 14.77 13.99 15.06 14.39 15.75 14.65 15.26 14.43 14,80 14,20 14.81 14:19 15.59 14:77 15.10 14.50 15,29 14.70 
M93,M94 14.85 14.00 15.21... 15.54... 15,14 14.56 14.74 1404 15.24 14:50 15.29 14.50 15.91 14.81 15.70 14.54 ... 14.41 
M101,M102 14.91 14.07 (15.55)(14.34) 16.18... ... 14.14 (14,12)(13.70) (15.38)... ... 1470 15.17 14.80 15.86 1468 .::... 
M107,M108 13.89 13.46 15.16 14.30 15.91 14.85 15.26 14.50 15.17 14.39 15.57 14.70 14.16 13.85 15.61 14.78 14.99 14.27 15,42 14.77 
M113,M114 13.72 13.36 14.45 13.82 15.86 14.97 15.36 14.49 ... 14.39 15.32 14.43 14.68 14.14 15.62 15.09 15.20 14.40 15.01 14.33 
M117,M118 14.08 13.48 14.18 13.80 15.41 14.75 15.39 14.58 15.27 14.34 14.92 14:26 14.82 14.22 15.82 14.91 15,32 14.59 1491... 
M137,M138 ... 13,59 14.79 14,00 16.45 15.21 15,37 14.29 15.14 14.33 15.70 14.80 14.79 14,21 15.80 14.90 15.38 14.70 15,81 14.98 
Monto iss020 2 815.38). 65 ss sa. 1467 1400 15.24... 15.50 1480 ... ... (15.58)... 15.26 14.52 15.69... 
DeMED CURR S Ages ib ots 2. (15UbS) si. 14.21 25, «15.42 5... 15.12 5. 14898 GS, | 1s5O0-s. (e565. . t 
M159,M160 13.71 13.40 (14.72) 14,11 15.89 14:97 15,50 14,63 (14.18) 13.81 14,71 14,27 15.40 14,49 15,19 14:51 15.84 14,64 15.80 14.72 
M163,M164 14,03 13,51 14.86 14.10 15.80 14,97 15.61 14.72 14.31 13.88 14.91 14.39 15.42 14.64 15.14 14:54 15,78 14:75 15.87 14.75 
M171,M172 14.48 13.79 15.36 14.38 15.57 14.56! 14.73 14.10 15.30 14.49 15,83 14.91 14.37 13.89 15,60 AG: Sitersse sk w1SySOee cere 
M179/M180 14.62 13.82 15.40 14.30 (15.70) 14.78 14.84 14,03 15,32 14.36 15.82 14.98 14,89 14.07 14.95 14.50. 15.49 14.73 15.59 14.79 
M183,M164 14.66 13.90 15.55 14.38 (15.91) 14.75 14.91 14,13 15.14 14.40 15.70 14.98 15.07 14.34 ... 14:28 15.53 14.63 15,69 14.75 
TABLE III -Continued 
HY 2060 HV 1768 HV 1950 HV 1905 HV 1855 HY 1945 HV 11193 HV 1858 HV 1892 HV 1929 
Plates 10.21+.01 9.798+.01 7,980+.01 7.413+.01 6.8302.006 6,4652.005 6,440+.008 6.120+.007 5.660+.005 5.579 + .007 
M3,M4 15.98 14.60 16.54... 16.02 15.16 15.25 14,68 15.82... 16.20 15.45... ... 41613... 16,22 15.31 16.09 15.50 
M7,M8 15.29 14.61 15.82 14.92 15.71 14.91 15,63 15.00 16.08 15.18 16,40 15.61 16,54 15.66 16.20 15.69 15.96 15.30 16.17 15.55 
Mli,M12 14.98 (14.13) 15,92 15.10 15.41 14.76 15.95 15.17 16.47 (15.70) 15.34 14.68 16.68 16.01 16,35 15,58 16.38 15.49° 15.76 15.2 
ease een ig chee 1490) ... , 1488 15:8. 1480 .:. 1495 . 0. 1496... 1516 4. 1525: ... 16.65 2. . 15.28 
erin meernasonN 14:80 S| 1489 6 2. 1474 0 le 15d 2 2 5 15.800 2 SS 18L 42 15,56 See 15,74 
M31,MG2 15,12 (14.13) 15.92 15.18 16,13 15.01 15,31 15,0 16,30 15.59 15.39... 16.45 15.67 .. . 15.31 16.20 15.49 16,21 15,62 
M37, M38 de 30) ‘U4 10 15,42 14.89 15.75 14.73 15.70 15.14 15.86 15.14 15,88 14,94 16,11 15.37 16.30 15.51 16.38 15.33 15.74. 15,06 
M4lM42 14.52 14.03 19.48 14.65 15.43 14.67 15.77 15.85 15:58 14.90 16.20 15.51 16.52 19.69 16.42 15.60 16.24 15.48 15.99 15,54 
ete ae ea DIC URED SENDS cit TASESO°L ANTS CURA gr ate Mehl cians Gy as oa eee N00) i, eee ay Sate 
M55, M56 : (44560) 15. 75 16.10 : : 15.53 14:91 16.29... 15,80 14.90 16.19 |: .: ce Ciat een 16512) 2k eae 24 (1A, OS 
M61,M62 (15.30) 14.75 15.89 15.04 25... 18.11 15.69 2. > 16,02 15.40 16.32... 16,32 15.60 16.43 15.50 15.99. . 
MOM 5151440 16.70... 16.51... 15.2 14.67 ... .., 15.75 14/08 16,07 (15,20) 16.30... 16,21 15.60 16.02... 
Seam RSP 16 4904.84 16.15... . 15,72. 18:77 > 5: 1589 ¢.. 1652... 1622.5. 1660... 1617... 
M81LM682 14.67 14,19 15.50 14.82 15.84 14.91 15,92 15.23 16.44 15.45 16.27 15.40 16,36 15.57 15.81 15.12 16,69 15.73 16.09 15.45 
MS9,Mo0 6 15.04 1431 4 = ww ISL 14.42 15.76 ss 16.30 5 18.90 eeicy. SU esanee SEILER) 
M93,M94_—«-'15.34 14.65 15.74 14.92 15.47 14.57 14.81 15.88 15,14 15.85 15.01 16,22 15.16 16.04 15.49 16,30 15.72 16.17 15.13 
Ml0i,Mi02 1487... 15.50 1464 ...... ds: 89) (18, Payer da! ALMA dime (6s Gb) Raine AGRO Urea 4160154 5 a,'ei 116,06 (16,60)... ave ABaT8 
M107,M108 15.26 14.50 15.88 15.01 15,42 14,68 15.61 15,17 16.29 15.33 16,28 15.37 16,60 15.52 15.94 15,40 16,00 15.40 16.11 15.32 
M113,M114 15,33 14.63 15.82 15.12 15.57 14.63 15.87 15.19 16.40 15.59 ., . . 15.36 16,82 15.70 16.20 15.48 16.08 15.30 15.58 15.01 
M117,M118 15.47 14,82 15,58 15.00 15.70 14.74 15.90 15,29 15.99 15.32 16,01 15.30 16.57 16.08 16.41 15.67 16.16 15.35 15.82 15.19 
M137,M138 14.54 14.08 15.67 14.82 15,54 14,80 15.38 14.78 15.78 14.97 15.81 15.10 16.42 15,60 16,23 15.29 16.10 15,26 16,00 15.36 
ne SR ete TG RG) 15GB ES le Sos tc gc A AGB ale see wes el tee le cee ees bigs pai age 
MI51,M152 1466... 15.80... 15.81... 15.15 16.89... 16.48 15.55 16.61... 1625... 16,55 15.65 15.90 15.40 
M159,M160 14.38 |. | 15.85 15,11 15.68 14,68 (15.59) 15.10 16,10 15.30 16.24 15.39 16,43 15,75 16.33 15.55 16,30 15.70 15.78 15.15 
M163,M164 14.63 14,13 15.73 15.05 15.38 14.49 15.81 (15.19) 15.60 14.91 15,30 14.90 16,3 15.65 16,59 15.69 15.84 15.26 15.91... 
MIT71,M172 14.58 14.01 15.62 15.00 16,09 14.94 15,29 14.9 15.88 15.13 15.50 14.80 16.20 15,22 15.80 15.28 16.49 15.57 16,35 15.59 
M179/M180 14.70 14.18 15.42 14.70 16.10 14.97 15.56 14.88 15.59 14,80 15.78 14.91 16,19 15.24 15.78 15.12 16.55 15.72 15,83 15.08 
M183,M184 14.86 14.29 15.40 14.57 15.84 14.92 15.62 15.11 15.77 14.97 15.81 14.97 16.26 15,49 16.03 15.29 16.20 15.39 15.62 15.04 


TABLE III -Continued 


HV 11206 


HV 1903 HV 1827 HV 1934 HV 1785 HV 1966 HV 1825 HV 1994 HV 1793 HV 1891 
Plates 5.091 + .004 4.924 + .002 4. 885 + .003 4.725 + .003 4.270 + .002 4,265 4.003 4.217+ .003 4.180+.004 . 3.451+.002 3, 400 + . 002 
M3,M4 16.80 . 2. 45.90 +. . 59% dosok) VhO6) Sap 15.75 15.31 | 16556 <. . 15.772 15.25) 16529 nn 16.10 15.33 16.61 15/9) 
M7,M8 15.80 “ieee 15.54 15.06 16.32 15.59 16.47 15.50 16.21 15.58 15.63 15,18 16.23 15.72 16.63 16.01 16.85 15.90 16.92 16.20 
M11,M12 16.28 15.49 16.20 15.54 16.61 15.70 16.84 16.0 15.24 14.74 16.50 15.59 16.86 16.11 16,40 15.83 15.78 15.42 16.22 15.59 
M21,M22 .. « 15.83 162% 15.35 ... 25.33 .. . 36.28 (16.19) 15.47 . 6. 05.87 36.19 45.62 26). 15062) 2 ch ee 
eo. M26 ee ee DOR OT Peete GAA sah MOON. Ss rer OngOl ee meeLONOa wants OF 15.389 4... 15,81 . 2. 91613. 4 2 6 (UG)S5) ee 
M31, M32 16,17 15,42 16,23 15.62 16.69 15.83 16.82 16.0 16.38 15.62 15.81 15.36 16.62 15.72 16.99 16.18 17.03 16.29 16.19 15.71 
M37, M38 16. 63 tse 15.29 15.13 16.16 15.49 16.37 15.57 15.41 15.05 16.65 15.74 16.27 15.84 16.26 15,80 16.89 15.78 17.00 ... 
M41, M42 16.53 15. 70 15.67 15.23 16.50 15.66 16.8 15,71 15.92 15.38 16.51 15,72 ... 15.51 16.85 15.78 17.13 16,13 16.18 15568 
M49,.... SS Mal ike et | Movseihtepetelh pte DO eaan bottealee Wl inl tol n ee Mattie igs tt: Getcha ce ence) aa S 2+ « 16::22 oe 
M55, M56 sola) <e we, te gs Ue ROO ey Mocs Leite 16.65 2. « 16.33)... 15.68 2... ersts temails Oe oe OPUS “15.92 . 16.71 o 
M61, M62 15,59 ,16.25 16.21 5... ©2608) ws wl spe «ope  DOAB ce) PS G00 as) Pe eto eee (16. 01) 17, 22. ae 
M69, M70 16.85 ... 15.40. 15.18 16/25 15.60 16.6 .. vor ae 03) 16.12... 16.92 16.25 15.89 15.60 (17. pet 2 16.26). 9 
M73,M74 16, 32 mc 15.38 15.10 16.29 ... Git a reese 16531 2 4 ITS jose 16.32 . .% 15.7 16.72 — Jae 
M81, M82 15, 73 15. 09 16.51 15.8 15.96 15.30 16.45 15,59 ie. 19 15. 52 D552 35522 16.72 1502 9.) 162308 aeons (16. 40) 16.48 15, 
M89, M90 bee POL T2 Seine! gs «ie 16,90 5 gle, TOV QOG TO) ig See ee ft SGOT ak WCRe De Clerc. 
M93, M94 15. 64 15,27 16.34 15.65 ... 15.30 16.61 15.8 16.29 15.70 15.89 15.44 16.54 (15.88) 15.81 15.30 i6. 13 15. 30 -«s Jha 
M101,M102 2... 2 os) 16.85 2 56 0 ee we «616,45 2 oe | (15 49) GSA ise ee ee) ee 10. Oa on 15,90 
M107,M108 16.60 15.80 15.97 15.36 16.73 15.88 16.28 15.44 16.22 15.73 15.66 15,25-~ 16.68 15.88 16.14 15.57 16.92 15.80 16,11 15.70 
M113,M114 - . 15.68 16.32 15.48 15.69 15.10 16.69 15.78 16.51 15.70 16.19 (15.49) 17.01 16.07 16.30 15,79 17.22... 16.50 16.11 
M117,M118 15.41 15.31 16,52 15,82 16,08 15.30 16.55 15.79 15.03 14,81 16,19 15.90 15.76 15.41 16.55 15,70 15.65 15,20 16.86 16.20 
M137,M138 16,44 15.55 16.22 15.52 16.40 15.55 16.62 15.90 16.41 15.76 16.15 15.49 15.73 15.35 16.70 .. 16.79 15.89 16.61 16.10 
M149,M150 1.2.5 cee cote cee ayo) ep pee a) ebay 6! ele 16.00 ... 15.92 .. asx) he, 6) Te, 16.48 .. «.  VSlereenty oe. oem 
M151,M152 16.68... 15.58... 16.82 15.81 15.94... 15.01 ... 16.59... 16.43... 15.90 15.36 416.58... 3 46/82) c00me 
M159,M160 16.80 15.77 16.19 15.53 15.71 15.08 .. . 15.76 (15.79) 15.26 16.64 15.96 16.79 15.96 16.49 15,83 16,99 16.21 ... 16.13 
M163,Mi64 15.56 15.11 16.19 15.70 16.08 15.30 16.79 ... 16.24 15.52 15.53 15.38 (16.99 16.20 16.70... 15.68 15.28 16.18 ,.-. 
M171,M172 16.28 15.67 16.18 15.78 16.21 15.45 (16,80) 16.13 15.49 15.03 15,71 15.81 16.73 15.88 16.22 15.60 17.01 16.31 16.29... 
M179,M180 15.76 15.12 16.63 15.65 16.35 15.62 (16.6) 15.89 16.06 15.47 15.50 15.04 ... 16.24 16.60 15.90 15,87 15.26 16.5 16,00 
M183,M184 16.14 15.44 15.31 14.89 16.81 15.70 16,00 15,28 16.32 15.61 15.93 15,28 15. 70 15.29. 17.10 .. « 16.33 15.70 16.7 16.0 
TABLE III -Continued 
— 
HV 1987 HV 1898 HV 2027 HV 1974 HV 2000 HV 1809 HV 2049 HV 1850 HV 1981 HV 1923 
Plates 3.130 +.001 . 3.021+.001 2.984 + ,002 2.896 + .001 2.880 + .002 2.825 + .002 2.800 + .002 2.760 + .002 2.724 + .001 2.564 + - 001 
M3,M4 16.52 16.01 16.35 16.10 16.96 16.28 17,17 16.37 17.22 16.28 17.07 ... HTS auc) TUE00. tisk 17.00 16,27 16.45 
M7, M8 16.69 16.20 16.47 16.03 17.62 16.40 (15.78) 15.44 16.67 16.05 17.30 16.80 17,14 16.51 16.12.15.64 17.75 (16. is 17, 07 
M11,M12 AS Sg ERG CRS as 16.96 16.23 27:09 °16525 IT; 16 16,28 ATi 03. 16.73 15.82. 16:92...... 17,20 (16.60) 16, 87 
M21,M22 eee 16:37 2. « « ADSL 16.24 95:40 . 2. 1694 A653f 15790) cis BONG Se O74 Wo) 1ol90 8 oo peo ene 
o-. M26 SE ee (emu (oP: rsaey arenes Sank Peeper A Kc Ry :: ome eo om gs Usury me Cy Me ym Tie Sa se ee 
M31,M32 16.99 16.20 15,82 15.51 16.10 15.58 17.35 16.18 17.09 16.24 17.17 16.40 17,15 16. 30 15,60 15.48 .. | 16.79-- 15.95 
M37, M38 POCA ea a siatte 16.57 16:11 17.70 16.25 16.57 15.85 16.49 15.95 16.54 16.10 16.72 15.80 17.12 15.90 17.50 16.45 17.47 
M41, M42 16.85 16.20 16.03 15.62 16.40 15.67 17.30 16.48 17,20 16.31 (17.50) 16.23 ... 16.24 16,45 .15.69 17.65 (16.98) 16.87 
M49,... TG OG tects (2GS6" Senet etree apres een di eran & 16.00 .,. 16.11 Pee oc 
M55, M56 ECC Ce eee CHONG at IAL cacd Gece” aor MoptE GS A (16. 10) - Moreen, ilies 15.82. 15,25. 6c (o) ve) at meeEO OD. 
M61, M62 ere: see se ER a Ord 16.44 15.72 17.30... 47. 20 16.65 eee wee 16,36 16.02 16.44... 16.99 
M69,M70 16.38 15.83 15.87 ... 16.99 16.59" 17.3" (. |. . 16.99 (16.25) 15.85 ... 16. 30 16,%6) 2 ene owe a ema 17.11 
M173, M74 DV A ee ee $6048) 5 van PUTA yo tae 16,400 27009) se iteca PICO Tire ce oe ble ON erence LOZ see L600 tale 17. 49 
M81, M82 16.02 15.69 16.20... 17,11 16.25 17. 13 (16.00) 17.13 16.40 (16.64) 15.60 16.46 16.26 “252305 snc) a eee 17, 42 
M89, M90 Pee Opera UCR CEI NA, 3 72 16.60 . ella \e 16.94... 3 fe! Gsipeni te tieh ie wits R00) ens ote dt Salen eee 
M93, M94 16590; UGlAOD ewte ne pelle 16.59 (15. 95) i6. 66 a Jets TGCSS)UES VO | snes eye ie etal ye . py es 1 te a LTNO ce ana ene 
M101, M102 oi fsire, >a eas 16.49 . . < LO Oc Mentatice 16730 see OVO hresten ein eate est, Sach cian 6) MOGEERM AS ss a: Seley Swakanne eo. 
M107,M108 16,50 15.98 16,46 16.10 17.28 16.93 15.80 15.67 15.98 15.65 17,09 16.28 17.29 16.50 17,22 16,20. 17.57 16.99 17.02 
M113,M114 16.71 16,09 16.57 16.08 16.43 16.30 16.80 16.11 17.04 16.27 17.21 16.53 16.25 15.92 16.09 15.37 16.33 16.15 16.83 
M117,M118 16.80 15.90 16,31 15,75 17.05 16.93 17.20 16.55 17,24 16.43 16,55 15,91 16.99 16,37 16.65 16.09 17.40 16.50 16,81 
M137,M138 17.09 16.29 16,10 15.68 17,48 16.40 17.23 16,50 15,92 15,63 16.09 15,64 17.01 16,35 15.71 15.40 17.20 16,29 16,38 
M149, MISO. casi wise: eelerten eel oy qa wee lett QEGSEB)! 5 vei tata ces w fate youl, aver ee co mento et Vago ore: eticey Meta) eens Ora ra 
MIS1,M1S2 17.25°... .. 16:30 16:99 16.28... 17.15 .... 17.19 .... 16512 15.55 (1726)... 16.42). \5..* “SuavOi nee ng 
M159, M160 15,91 15.45 16,50 16.15 17,17 16,20 (17,30) 16,23 16.08 15.73 ... 16,13 16.27 15.73 ... 16,26 16,38 16.0f 17,26 16,6 
M163, Mi64 16,64 15.26 15.87 ... 17.50 ... 16.50. 15.59 ... 16.30 ... J. 16:90...  16:70)°16508)  <¥o0) 0 0G;comeetonoueee 
M171,M172 17.10 16.20 16.58 ... 17.26 16.39 16.10 15.65 ... 16,05 (17.11) 16.40° 16,98... 16.30 15,70 . . «= (17,20); Orson 
M179, M180 15.85 15.50 16,06 15.70 17.72 16.50 16.71 16,09 16734 16519" 15.80 ~ 2 a) aes 16.65 16.08 16,31 .95 16,24 15,8: 
M183; M184 16,70 15.83 16,39 15.76 16,34 15.79 17.06 16,26. 15,85 15,62 (17.22)... 16,28 15.78 16.75 16.16 17.40 16,42 17,15 16. 3( 
TABLE III -Continued 
HV 2046 HV 850 HV 2021 AV Tii92 HV 2002 HV 844 HV 2014 HV 848 HV 11199 HV 2035 
Plates 2.554+.001 2.5350+.0007 2.4875 +.0010 2.3543+.0007 2.345+.001 2.219+.001 2.2028+.0008 2.178+:001 2.0952+4.0009 1.9800+. 000! 
M3,M4 16.08 16.0 17.39 16.44 16.66 16.24 17.55 ... 16.07 15.88 17.22 ... 17.17 16.36 16.59 ... 16.63 16:10 65421608 
M7,M8 - «. 16.46 16.93 15.85 17.32 16.75 16.90 16,49 16.78 16.18 .. . 15.83 16.48 16.01 17.45 16.59 16.30 15.9 L754) Soe 
Mi11,M12 16.50 15.82 16,00 15.61 17.14 16.43 16.25 ... 16.39 15.93 17.56 ... 15.88 15.37 17.28... 16.11 15.80 17.46 16.82 
M21, M22 ec re OCs ween, ee CBSE ME CACH GRE ye A ae CECH TRS iw MY 5 au A eo» 16.00 2... 16.81 J 2%. 15,7400 oneystocus 
«++ M26 oe 6 16,09 (5 as 1627 oe 16,63) ss Ub 84) on se OSE |S he, 1625 oe, SGSOD. eos G72 poi eete 
M31, M32 16,31 15.8 17.33 16,53 17.12 16.50 {tt i) 16.80 17,47 16.55 17,47. 16,25 15.82 17.59 16.66 16.62 15,99 17.52 16.75 
M37,M38 27527 15269) 07.69 eat 16582 16:02 U7N1S) AG SI5 ian Siete) (AtaSO)iey awe 16502) 15,20 1753) 3. Xs 16.65 16.00 17.70 16.96 
M41, M42 16.46 16.04 16.34 16.08 17.20 17.00 ... 16.75 16.13 15.70 17.00 16.20 17.20 16.40 16.20 16.01 16.23 15.80 16.69 16.28 
M49,... L126 o.6 6 teers ace | bile ie society SA TOAG cic, (ETCAB) icra | MOLSON sc ieren u LOsBOleaivel an Panter soo bah etre) mur! aan ne te 
M55, M56 CEL) eens 5. |: ene eCumm eres mn Ay See eeerec woe A otc ecttirbec me CARO AA See So 2 
M61,M62 17.09 2 0.6: 2720 16.60 06.24 2 6. tee ee |= AES GOT 2 ) GS92 2 A708 8s CO n ee 
M69,M70 Re Sree Oys ine SURED oun eit SERCO PSENGU) apes ULERYEY gg 4. AGNES ag o GLEE! (16.13) 16.49... 16.54 16.25 
M73,M74 WA Ee ce WG Vies ola MICS aaa whee eo EBC a, 6 alka 5 4 GEG 65 MEABE 16:81 . <5 “reba 
M81, W825" (17-180) a cis. oes F690, STATS AGS25 eke sips) OAT ie yam mt iicio0)\e arene td Os OO Gr DS. x. ue (17. 05) 16.78 16,22 16.80 (16.95 
M89, M90 RCO Ga SER oo BCR oe ee SS a RCH a tepkes Wetneies LO. 00! Us Youle: (16.70) <3) Veena 
M93, M94 UO Ars ol EGA og Gee GOO SURG SERIO ss 6 a GATS (16. 20) (16.99)... 16.41 (16. 40) 16. 39 15, 94 . 16.40... 17,49 17.10 
LG) ©) anes Cen n ty Creree ece S NS ONO REO noo See hoo Sawa Ip Od Go  Goe Cae 
M107,M108 17.05 16.25 17.25 16.32 17.57 16.59 17.14 16.28 (17.31)... 17.33 16.38 16.25 16.00 17.19 16.33 16.41 15.90 17.57 17.20 
M113,M114 16.00 15.89 16.19 15.65 16.20 15.99 17.75 16.80 16.29 16.00 16.70 16.30 16,82 16,55 17.04 (16.35) 16.41 15.89 17.20 16.94 
M117,M118 16,99 (16.50) 17.00 16.25 17,52 (16.78) 16.70 16.09 ... 16.40 16.92 16,23 (17.60)... 17.50 16.72 .16.65 15,86 17.35 17.09 
M137,M138 16.79 16.35 17.37 16.50 17.12 16.50 16.11 15,69 (17.15) 16.44 ... 16.39 16.10 15.78 17.40 16.22 16.39 16.05 17.59 16.85 
M149; M150 ecw ese Bey ws © yw se ene wie.” pe Sol byw) mlecd Gk) Oak, atm tm relay cm ihe | LORRO) fe tet otal | alt teat im) fait Mg 
151,M152 (17.30)... 15.74 2... 17.69)... 16/82 16.00 . . . s< - 17.20 6580° 16.82 2. 17.70) . 2) | 16:78) tp nGOmmntOuaaee 
M159, M160 17503, 16:34) 916,709 160201" ssc, AGL5B) L6n27) Tonle eeceet6/02) clewal 1G/50/n ke eee 16.60 15.74 17.85 16.85 
M163, M164 16. 65 (is. 35) 17.5 16.70... 16.83 15.90 ... (17.02)(16.40) 16.49... 15.87 15.70 (17.45)... 16.67... 16.47 16.40 
M171,M172 16.01 ... 17.25 16.67 17.42 16.90 (17.09) 16.20 MeO So 16.65 16,05 16.01 ... (17.35) 16.44 16.51 (15.8) 16.55 16.09 
M179,M180 17.1 16.27 .15.91 15.40 ... 16.80 16.60 16.35 16.85 ... Ghat, Geanoihyeck ya Are 16.59 15.88 16.5 . ae 16. 80 
M183,M184 16.90 16.29 16.97 16,11 16.95 16.35 (17.20) 16.20 17.16 16.58 16.40 15.75 15.75 15.64 (17.66)(16.85) 16.41 15. 69 16.59 16, 23 
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TABLE III -Continued 
HV 111 HV 2022 1197 Arp b HV 1978 HV 1868 HV 1836 Arp g 
Plates 1. ese “0004 1. 6a03, 0004 1.61804. 0004 1.3090+.0005 1. O16. 0002 (2.078) 2 2.7 2.8 2.9 4-5 
\3,M4 16.80 16,5 18.20 17.02 17.15 16.75 17.0 16.8 16.52 16.07 17.35 16.51 16,00 16.87... Soi) sie oe 1S: Sete ie 
M7,M8 18.3 17.77 16,85 17.01 (16.5 18.4 >17.0 16.39 16.50 16.65 16. 41 16.17 15.94 ee 89 (16.73) 17,05 (16, 15.3 15.39 
‘M11, M12 18.20 17.8 17.71... 17.30 (16.8) 18.0 17.4 17.2 (16. SD) P33 cies 16.0% 15:91 .07 15.76 15.4 15,19 
‘M2i,M22 17.07 16. $0 (18.2). Seat LCSHO) MUTBES A T7-60 ove ve 170)y ((LTa@)) 2 ce pets 19586 ics (17918) cicls, 16:56) 16.2 35.37) 
pee M2600... 1743... HONG MEMEESESE(ICSA Nc cc. LISA |S sh s Scene lGsO Taare cc LOS O20 ence AGs 84) 1 cc. o) 16,700 meter a loceo 
/M31,M32 (18. 25) (17.31) (18.10)(17.33) 17.35 16.65 18.2 17.5 17.10 16,85 17.10 16.64 -16,21 15.71 16.77... 16.57 16.01 15,4 15,22 
M37, M38 17,00) %.<) «: 18.20 16.59 16.53 16.20 17.0 16.6 16,95." 6. 6. « 17. 38 (8 88) 16.20 15.38 16.93 e635) 16.71 (16.24) 15.3 15.49 
MAL M42 Sie « e) 17.99 17,10 17.25 (16.90) ... .... 16,80 . 4. 16.91 (16,55) 16,35 15.94 16.82 (16.65) 16.77 15.90 15.12 15.13 
49... LTO try ere EE Gina's! ve, «3 18:2 Bee 316; BO ener ochre TCS CARR a, eRe Me SSie LLM) Denn 
HMBORMOBE crcl ef oe oye Gee Re MRC URURAT (16595).-5 ile PRLT:04) auotsh (16:9%)¢s0s 15.11 (15.20) 
‘M61, M62 Beemer creme tya24)(16,50)) 27580 <5. 3 6° Se ITEOS ite rau ATSOBN eee ees wate Laie nce) LGs45 oe) an) 26c51 15: 50m (152 71)15040 
Meo, Mio (17, 03) (16. 80) 11. BEB TOTEO I Mela e.o'c8 ee) KOM sere TT Suede Per eso" “8 ele 10/08) ic alis 2061's ove, 10:08 eters 
M73, M7 TON AIONTay) AT2DS cisls 71725... (17.5 )>17.0 «16.59... 17.3 AG: 15 cows 16:52) "o ahi LO/OSescarn LIo74E 
Mal Maa 16.75 16.5 inet ee nee 100Si cance) \(17629)\< 6 < 9 1T1S A720) 446,90. 5 >| 16.88 . 2 16:72 16/90 16.30 15,12 
ROOM SITS es et é 16.7 3a . 16,95 16236: 75:5 AGs SL aiiay a> 17: Seneiees 155/161 (15207) 
'M93,M94  _(16.8°)(16.4) (17.'74)(17.00) 17.0 (16.7) 17.4 a8 $ 17130>47:0 16.20 15.41 16.80 . >> (16,72). . ; 15.10 14.89 
‘M101, M102 BNE Mt cectretisiic) s2 slic ial iav'ai'@) 7. ea Aus ve amc ca ste oho Se) feliveie a Jos 17-2 16;8') (15205); (15x4" autre 
(M107,M108 18.2 17.01 17.45 16.96 17.25 16.55 >18.4 17.35 17.25 17.00 (217. § 2 16.80 16.34 15.59 16.47 (17.05) 16.78 16.27 ... 15.27 
8 114 A eee 16.30 16.29 VTES2) T6572) 173) | 17 2 17.24 17,10 16.84 16.90 15.76 16.79 16.57 16.67 15.90 15.14 15.01 
-9 16.49 18.00 17.17 16.5 16.20 17.2 17.2 17.30 16.50 16. 73 16.40 16.65 15.80 16.72 (17.23) 16,58 15.89 15.15 15.09 
‘M137,M138 17.07 16.50 17.38 16.77 16.67 16.24 17.5 . 16.40 16.00 17.04 16.25 16.53 15.98 16,99 16.69 (17. 11) 16.05 15.28 15,27 
MREMMRADOUP eRe stes)( ic) 3 6s Sis) Sa Gee Pee nich hci ee pinE MoM SMur sic Se cael fs a a> ce bay a: 16500) ree 15.28 orice 
erMris2 1850... 17.55... 16.99 \.. 16.75... (17.15) 16.10 16.60 16.15 16.61... 16.99... 16.73... 15.7 16.50 
‘M159,M160 (17.8 ) 16.81 17.92 16.79 16.95 (16.74) 18.5 17.5 (17.25) 16.72 17.85 (17.38) 17.19 15.64 16.89 16.80 16.43 16.13 15.55 15.55 
nee eee 17) 20 see > 18 ie eich) et et) 2716s) 1690... 16.83... 16.62... 15.19 15.29 
M171, M172 18. 15 (17.35) (18.05) 17.20 16.8 18,25 (17.4) 16.80 - 16,9 16,60 17.05 15.75 16.69 16,60 17.22 16.14 15.38 15.32 
M179, M180 mitetcs? |e ety i. 35 (16. 45) >18.2 >17.0 16.56 . . 17.3 16.30 15,98 15.65 17.05 16.08 16.56 15.95 15.28 15.24 
18. 73 16.4 16.25 16.02 16.7 16.12 17.5 16.9 16.59... 417.4 16.59 16.43 15.71 16,91 16.62 16.46 15:91 15.3 15.01 


iM 183, M184 


yanion plate was taken in the ultraviolet, and M 49 
where the companion plate was not measured. In 
seneral the longer period cepheids, and hence the 
orighter, were measurable on every plate. Toward the 
md of Table III the fainter cepheids are not measur- 
ible on many plates, particularly in the middle of the 
»bserving span when the SMC was lowest in the sky. 
At that time the seeing was poorer on the average. Also, 
exposures at that time had to be limited to less than 
one hour, whereas they averaged more than an hour in 
the beginning and end of the observing periods. Some 
plates were offset toward other SMC regions, and only 
variables in certain parts of the cepheid field were 
measurable. 

All the cepheids in Table III and all the standard 
stars in Table I were measured on each plate. Generally 
the outlying standards indicated calibration curves 
which were from 0 to 0.3 mag. shifted from the primary, 
central calibration curve. As mentioned in Sec. 4, there 
were both systematic and random shifts. These were 
only the outermost variables, however, and they were 
reduced by the calibration curves of the nearest stand- 
ards, which had been placed there for that purpose. 

When all the magnitudes had been measured and re- 
duced, it was found that the cepheids in the more 
central regions, those say from 15’ to 25’ from the 
center, showed systematic deviations on some plates. 
On roughly half the plates all the cepheids in a certain 
region would be too bright or too faint (as judged 
relative to their mean light curves) by an amount up 
to 0.2 mag. This inner 25’ radius circle which contained 
the majority of the cepheids was then broken into three 
subregions plus a small region around the central pri- 
mary sequence. On plates which showed the effect, the 
mean correction to each subregion was determined and 
the magnitudes reduced a second time. This iterative 
procedure has produced individual magnitude measures 


which are accurate to better than +0.1 mag. (as esti- 
mated from the scatter about the best light curves). 


8. The Periods 


In the case of each variable listed in Table I, phases 
were initially computed with the Harvard period. 
These periods are as published by Shapley ef al. (1940), 
McKibben ef al. (1942), and Nail (1949). A summary of 
the available Harvard periods is given in Table IV, 
where some more accurate periods from Shapley e¢ al. 
(1947) are also included. A chronological bibliography 
of the publication of Harvard periods in the SMC is 
given by Shapley and Nail (1955). 

The phases computed with the original Harvard 
periods were used to construct light curves for each 
variable. These light curves represented the observa- 
tions during the eight-month span of the present 
observations. The original period was only changed if 
the observations in the latter part of this time span 
were systematically shifted from the observations in 
the early part of the span. The accuracy with which the 
beginning and ending observations could be matched 
was estimated. This determined the accuracy with 
which the period was known from the present set of 
observations alone. The final periods derived for the 
present group of cepheids during the interval No- 
vember, 1955, to June, 1956, are given at the head of 
each column in Table III and summarized in the next 
to last column of Table IV. 

The accuracy of some light curves was greater than 
others, and in some cases the late and early observa- 
tions fell in critical portions of the light curve (say the 
ascending branch) where small systematic phase dif- 
ferences could be more accurately detected. In such 
cases the accuracy of the derived period was greater 
than in cases where the light curve was less well de- 
fined. But in general the accuracy with which the 
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TABLE IV. Periods of cepheids in SMC. 


Variable 
HV 


1877 
837 
11182 
2064 
840 


1967 

847 
1884 
1925 
1954 


1787 

843 
1695 
1933 
1873 


1744 

856 
2017 
2063 
2060 


1768 
1950 
1905 
1855 
1945 


11193 
1858 
1892 
1929 
1903 


1827 
1934 
1785 
1966 
1825 


1994 
1793 
1891 
11206 
1987 


1898 
2027 
1974 
2000 
1809 


2049 
1850 
1981 
1923 
2046 


850 
2021 
11192 
2002 
844 


2014 

848 
11199 
2035 
Arp a 


2019 
11198 
2022 
11197 


ise 
280 


42.6 


Die 


16.22 


9.86 


6.15 


3.60 
4.90 
4.23 


2.767 


0.702 


2.178 


H.B. 
900 
49.6 


33.7 
33.1 


29,1 


18.1 
17:2 
16.7 


13.8 
12.9 


12.6 
122 
11.4 


10.2 


H.C. H.C. H.A. H.B. 
439 444 109 919 Arp (1955-1956) 
49.5 49.5 +0.3 
42.6 42.6 +0.4 
39.6 39.6 40.2 
33.7 33.7) 7 ae0ne 
33.1 33.4) SaGee 
29.1 29.1 | eda 
27.2 27.9 ae 
18.11 18.11 0.04 
17.18 17.18 +0.07 
16.71 16.71 0.02 
16.22 16.22 +0.04 
14.66 14.70 40.02 
14.512 14.50 0.05 
13.80 13.76 +£0.04 
12.91 12.91 +0.02 
12.59 12.59 -+0.03 
12.19 12.155 12.13 +£0.03 
11.40 11.4072 11.43 +£0.02 
11.25 11. 166230 11.18 +£0.02 
10.21 10. 18447 10.21 -+0.01 
9.86 9.808210 9.798 +0.01 
7.98 7.980 +0.01 
7.41 7.413 +.010 
6.81 6.83990 6.830 0.006 
6.47 6.465 0.005 
6.44 6.440 --0.008 
6.15 6.120 +0.007 
5.66 5.660 +0.005 
5.60 5.579 +0.007 
: 5.1028 5.091 0.004 
3.60 4.924 +0.002 
| 4.89 4.885 0.003 
4.90 4.725 0.003 
4,285 4.270 +0.002 
4.23 4.265 +0.003 
1.309 4.217 +0.003 
4.19 4.180 0.004 
3.45 3.451 -£0.002 
Mae 3.399471 3.400 +0.002 
3.13 3.130 +0.001 
3.03 3.021 +0.001 
2.985 2.984 +0.002 
2.88 2.896 +0.001 
2.88 2.880 0.002 
2.825 2.825 +0.002 
2.80 2.800 +0.002 
2.767 2.760 +0.002 
2.722 2.724 +0.001 
2.565 2.564 +0.001 
2.553 2.554 +£0.001 
2.535 2.5350-+0.007 
2.489 2.4875-+0.0010 
2.355 2.3543-+0.0007 
2.345% 2.345 +0.001 
2.218 2.219 +0.001 
2.203 2.2028-+-0.0008 
2.178 2.178 +0.001 
2.104 2.0952-+0.0009 
1.97945 1.9800-£0.0009 
1.65680.0004 
1.629 1.6303+0.0004 
(1.618) 1.6180+-0.0004 
1.30887 1.3090-£0 .0005 
1.074 1.0736-£0.0002 


* H.R. 270. 


— 
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eriod could be determined depended primarily on the 
eriod itself. If ¢ is the phase, T the interval of observa- 
ion, and P the period, 


o=T/P (S) 
AP=(—P2/T)Ad¢. (6) 


‘he phase of the final observations could be set with 
n uncertainty, Ad, which, in this study, ranged from 
-0.02 to 40.10. T, in this study, represented the span 
f observation time shown in Table III—usually about 
30 days. 

Some of the cepheids seem to have undergone sig- 
ificant period changes, but they will be discussed at 
he end of Sec. 26. 


9. The Light Curves 


Light curves of 64 cepheids are shown in Figs. 3 
hrough 7. Individual points, as taken from Table I, 
re plotted for each variable. A mean line is drawn 
hrough these points. Of course, this mean line is un- 
ertain in some parts of some curves, but it is drawn in 
ll cases as a record of the assumptions underlying the 
lerived data which follows. Notes on specific variables 
re given at the bottom of Table V. 

The B light curve is given for each variable with the 
nagnitude scale at the left. Below each B curve is the 
/ curve with the magnitude scale to the right. The 
ight curves have been drawn through the points as 
est possible, giving consideration to the reliability of 
ndividual measures, the general behavior of the light 
urve, and the random fluctuation of the points. Some- 
imes a feature will appear in the B curve which does 
ot appear in the V curve, and vice versa. Some of 
hese discrepancies may be simply the result of random 
trors or they may be partially due to occurrence of 
lifferent features with different phases or different 
mplitudes in the two colors. 

A few light curves published by Harvard (Shapley 
940; Shapley, Carlston, and Nail 1947) are of the same 
tars as measured here. (There are three in the first 
eference and seven in the second.) It is very interesting 
0 note that the general character of the light curves, 
uch as asymmetry and relative amplitude, agree very 
vell, but even the most well-founded bumps, humps, 
ind irregularities in the light curves are not repeated 
it all between the two investigations. 

The conclusion from the available data must be that 
my secondary features of the light curves which are 
eal must have changed between the epochs of the two 
nvestigations. 


10. The Light-Curve Parameters 


Table V lists all the primary data derived from the 
ight curves. The maximum and minimum values were 
ead directly from the light curves pictured in Figs. 3 
hrough 7. 


\ 
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The mean magnitudes listed as Brean and Vimean in 
Table V were obtained by planimetering the magnitude 
curves of the variables. (Actually only a few light curves 
were planimetered since it was found that a much 
quicker method, that of laying a thin straight edge 
across the light curve and adjusting until the upper 
area balanced the lower, gave mean magnitudes accu- 
rate to a few hundredths of a magnitude.) 

The parameter of mean magnitude has an advantage 
over say, median magnitude, because it is not subject 
to irregularities in the light curves at maximum and 
minimum. It differs slightly however, from the physi- 
cally significant quantity—magnitude at mean light 
intensity. This latter quantity was obtained for five 
variables listed in Table VI. In all light curves the 
stretching of maximum relative to minimum in the 
transformation to intensity yields a brighter mean in- 
tensity-brightness. This correction is primarily a func- 
tion of amplitude. This is shown in Fig. 8 where the 
differences in Table VI have been plotted as a function of 
amplitude. The difference between magnitude at mean 
light and mean magnitude is secondarily a function of the 
light-curve shape (whether the variable spends a short or 
long time near maximum). A sample of different shapes 
was chosen to investigate this effect. Figure 8 shows by 
the scatter of the points within the band that the effect 
of different light-curve shape is only --0.02 mag. at 
most for the intensity correction. 

In the present paper all the variables were not trans- 
formed to an intensity scale and planimetered because 
of the large amount of work involved. Rather, the 
Bean 20d Vmean Of Table V were converted to <B> and 
<V> (these symbols designate intensity means) by 
means of the correction, as a function of amplitude, as 
given by Fig. 8. The <B>, <V> intensity-mean 
magnitudes so derived incur small errors due to dif- 
ferent light-curve shapes. These errors are, however, 
at the most +0.02 mag., and therefore all the mean 
quantities referred to in the following tables and dia- 
grams refer quite accurately to mean light intensity. 

The quantity of asymmetry listed in the next to the 
last column simply measures the fraction of the light 
curve which is occupied by the descending branch of 
the light curve. This is a rather standard measure of 
the “skewness” of the light curve and is important 
because it is an index related to how anharmonic the 
pulsation is. In many light curves, however, the mini- 
mum is extremely flat and therefore the duration of the 
descending branch, and therefore the quantity of asym- 
metry, is uncertain. In an attempt to get at this same 
“skewness” quantity in another and possibly more 
accurate manner, the rate-of-rise was measured. This 
quantity is given in the last column of Table V. The 
rate-of-rise was obtained by measuring the average 
slope of the rising branch of the light curve. It is ex- 
pressed in phase units required to rise 1 mag. This 
quantity, too has its disadvantages because some light 
curves show sudden change in slope part way up to 
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HV 1182 
39.6 


HV 1884 
18.1 
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HV 1787 
16.2 


HV 1925 
17.2 


HV1I695 
14.5 


HV 1873 
12.9 


HV 1933 
13.8 


Fic. 3, Light curves for cepheids in the SMC. 
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HV 1744 
12.6 


HV 2060 
10.2 


HV 1768 
9.8 
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HV 2063 
1.2 


HV 1950 
8.0 


HV 2017 
1.4 


HV 1905 
0.4 
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os HV Il93 
HV 1855 ee 


6.8 


HV 1858 
6 


HV1945 
6.5 


HV 1892 : HV 1903 
SC 5.1 


HV 1929 
5.6 


Fic, 4. Light curves for cepheids in the SMC. 


HAL DONT Ce VAI 


HV 1827 
4.9 


HV 1793 
4.2 


HV 1987 
3.1 


HV 1898 
3.0 


HV |89I 
3.5 


HV 1206 
3.4 


HV 1934 
4.9 


HV 1785 
of 


HV 1994 
4.2 


HV I966 


| 
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43 


HV 1825 


4.3 HV 2027 


3.0 


HV 1974 


2.9 HV 1809 


2.8 


HV 2000 
2) 


Fic. 5. Light curves for cepheids in the SMC. 
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HV 2049 
2.8 


HV 1850 
2.8 


HV 2046 
2.6 


HV 11192 
2.4 


HV 1923 
2.6 


HV 2021 
29 
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HV 2002 
2.5 HV 2014 


2.2 


HV I1199 


i, 


°o 


HV 2035 
2.0 


Fic. 6. Light curves for cepheids in the SMC. 


422 


HV 2019 
1.6 


HV I1198 
L6 ° 


HALTON C. ARP + 7 


HV 2022 
1.3 


Fic. 7. Light curves for cepheids in the SMC. 


maximum. In such cases both rates-of-rise are given in 
parentheses and when plotted a simple mean’of the two 
has been used. 

Of course, “bumps” can upset any one of the three 
light-curve parameters: amplitude, asymmetry, and 
rate-of-rise. It is not common, however, for. all three 
parameters to be disturbed at the same time. The 


magnitude at mean intensity — mean 
magnitude(Bmean and Vmean) 


° 5 1.0 1.5 20 
omplitude=Bmin -Bmax ond Vmnin-Vmax 


Fic. 8. The correction by which the mean magnitudes should 
be brightened when obtaining magnitudes at mean intensity. The 
circles represent the B light curves which have generally larger 
amplitudes than the V light curves represented by crosses. The 
scatter within the band is caused by light curves at the same 
amplitude not having the same shape. 


light curve parameters used throughout the remainde 
of the discussion will be from the B light curves be 
cause the B light curves have large amplitudes and ar 
generally better defined. 


11. Crowding, Doubling, and Uncertain Periods 


At the end of Table V a note refers to HV 190! 
Around this variable, on the B plates, were companio 
stars which pitertered with the measurement of th 
cepheid. Particularly at minimum light the companion 
caused the variable to read slightly brighter. But th 
effect of the companions is a strong function of th 
seeing, so that random as well as systematic errot 
were introduced. It should be stressed that the presence 
of the companions was quite noticeable but the effec 
on the light curve and derived parameter was no 
overly large. We conclude that if the companions wer 
enough less conspicuous to escape notice, that thei 
effect on the light curve would be negligible. 

HV 1898 is apparently a true, unresolved double. ] 
we postulate an unresolved companion of roughly th 
same brightness and slightly bluer (one of the possibl 
kinds of physical companions), then we explain in > 
roughly quantitative way: (1) the reduced amplitude 
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TaBLeE V. Light curve parameters. 
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max 


13.40 
13.24 
13.89 
13.90 
13.47 


13.63 
13.87 
14.48 
13.76 
13.69 


14.20 
15.00 


B 

min mean* 
(14.50) 13.97 
14.76 14.08 
15.11 14.60 
15.20 14.65 
15.14 14.42 
(14.80) 14.29 
15.29 14.76 
15.71 15.25 
14.92 14.41 
15.00 14.49 
15.62 15.07 
16.53 15.81 
15.77 15.23 
15.31 14.87 
15.86 15.41 
15.42 15.04 
15.98 15.47 
15.85 15.30 
15.92 15.45 
15.39 14.97 
15.89 15.60 
16.16 15.74 
15.94 15.51 
16.44 15.96 
16.52 15.92 
16.78 16.40 
16.64 16.18 
16.63 16.26 
16.23 16.03 
16.82 16.22 
16.53 16.05 
16.74 16.25 
16.82 16.53 
16.48 15.95 
16.62 16.19 
17.00 16.47 
17.13 16.51 
17.15 16.53 
17.20 16.61 
17.13 16.64 
16.53 16.29 
17.64 16.87 
7 S2 16.82 
17.23 16.76 
17.29 16.85 
17.30 16.83 
17.16 16.48 
17.80 125 
iY yA 16.90 
172355 16.76 
17.42 16.85 
17.70 17.16 
17.63 16.96 
17.43 16.78 
17.46 16.94 
17.47 16.86 
17.68 16.99 
16.75 16.50 
17.79 17.20 
(18.30) 17.85 


max min 


(12.67) 13.47 
12.66 1 


; 3.57 
13.22 13.82 
13.22 14.12 
12.94 14.04 
13.02 13.91 
13.36 14,21 
13.81 14.62 
13.34 14.06 
13.30 14.07 
13.75 14.65 
14.32 15.37 
14.03 14.72 
(13.72) 14.43 
14.17 15.00 
13.84 14.77 
14.23 14.99 
14.05 14.78 
14.08 14.90 
13.83 14.74 
14.56 15.13 
14.52 15.09 
14.53 15°33 
14.85 15.64 
14.73 15.61 
15.16 15.95 
15.02 15.65 
15.20 15.71 
15.03 15.62 
15.10 15.84 
15.00 15.83 
15.02 15.84 
15.21 16.09 
14.70 15.75 
15.07 15.97 
15.28 16.25 
15.27 16.30 
15.20 16.47 
15.53 16.19 
15.33 16.29 
15.47 16.14 
15.39 16.47 
15702 16.45 
15.59 16.52 
15.43 16.55 
15.59 16.63 
15.27 16.28 
15.88 17.04 
15.62 16.62 
15.54 16.45 
15.40 16.57 
15.89 17.08 
15.59 16.80 
15.54 16.60 
15.73 16.66 


15733 16.50 
(15.83) (16.85) 
15.69 16.22 
16.14 Litt 
16.42 (17.37) 


mean* Note 


13.10 
Said 


Asym- 
metry 


(B) 
(0.74)bt 
0.82 


=> 


(es) 
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TABLE V.—Conlinued 


HAL DON Ce Ake 


Asym- 
Variable B V metry 
HV FE max min mean* max min mean* Note (B) 
2019 1.6393 16.26 18.13 17.49 16.12 Nefess3) 16.91 0.75 
11190 1.6180 16.51 17.30 17.05 16.12 16.92 16.57 (0.60) 
2022 1.3090 16.69 (18.46) 17.92 16.57 17.55 17.28 (0.56) 
11197 1.0736 16.38 17.40 16.94 (16.02) (17.00) 16.52 0.70 
Arp b (2.078) 16.74 17.67 Ths 16525) (get) 16,6555 — 0580 
1978 (227) 16.2 17.2 16.7 15.4 16.0 15.8 t 
1868 (2.8) 16.3 17.0 16.75 16.5 7A 16.8 Tt 
1836 (2.9) 16.0 16.9 16.5 15.6 16.3 16.0 i 
Arp g (4-5) 15-1 15.6 15.35 15.0 15.5 15.3 ui 


* This is mean of magnitude curve. See Table VII for magnitude at mean intensity (<B>). 


t Small “6” 
i 


“HV 1905. 
HV 1898. 
Arp b. 


HV 1978. 
HV 1868. 
HV 1836. 
Arp g. 


denotes bump on light curve. 


mately right thereafter. 


Optical companions introduce too much scatter. 
Same as above. 


tude. 


(2) the blue mean color, and (3) the excessive bright- 
ness for its period. Most compelling, however, is just 
the shape of the light curve. The light curve of HV 1898 
very obviously has only a maximum which appears 
normal as it sticks out above the constant light of its 
companion. This is an important star because it gives 
us confidence that we can recognize from the shape of 
the light curve alone any variables which are pony 
affected by unresolved companions, 

The last five cepheids in Tables III, V, and VI all 
have uncertain periods. The first of these, Arp b, ap- 
pears to be a normal cepheid except that either its 
correct period has not been found or it has a variable 
period. The third and fourth variables of this group 
have optical companions which reduce the arnplitude 
and introduce scatter so that the correct period is 
difficult to find. The second and fifth variables, HV 1978 
and Arp g, apparently have unresolved companions. 
Again the reduced amplitude probably accounts for the 
difficulty in deriving its period. 

All these stars are carried throughout the following 
analyses to furnish control, to furnish an extreme ex- 
ample of each one of the above three errors. 


12. Accuracy of Parameters and Sources of Error 


The following is an estimate of the errors in this study 
which might give spurious differences for two identical 
cepheids: 


(1) Accidental error of single cepheid measure: 0.1 
mag. Of, course, the error of the light curve at any 
point is reduced by the number of points defining that 
portion. Moreover, working with up to 27 points on 
the whole light curve and then integrating over the area 
of the light curve to obtain <B> and <V> reduces 
the error from the above source to the order of +0.01 
mag. for mean quantities. 


Optical companions, principally in B, account for scatter of measures and slightly blue mean color. 
This cepheid, from its reduced amplitude and blue mean color, evidently has an unresolved blue companion of roughly the same brightness 
No period can be found which satisfied all observations. The period 2.078 works well through the first 40 cycles, but is only appea 


Variable is small amplitude, too bright and too red. Conclude unresolved companion is red. 


Period is around 4-5 days but amplitude is very small. Conclude that the cepheid has unresolved B star companion of about same magni 


(2) Process of obtaining <B> <V> from ligh 
curves: +0.01 mag. Since these two sources of erro 
are so small, a third source of error becomes important 

(3) Systematic background differences from area t 
area: +0.02. This quantity is difficult to estimate 
but, as discussed at the end of Sec. 7, the iterative pro 
cedure made‘corrections which, averaged over correctet 
and uncorrected plates, were less than 0.1 mag. It i 
estimated then that the subregions are accurate witl 
respect to each other to within the above figure. 

For two cepheids of about the same brightness thei 
the over-all estimated relative error in their <B> 
<V> is about -0.03 mag. 

There are other sources of error which undoubtedh 
occur for certain variables: 


(4) Crowding by companions: <-L0.1 mag. 
(5) Unresolved doubles: <--0.1 mag. 
(6) Incorrect periods: ? 


These errors probably occur for so few of the cepheids 
however, that they do not change the average estimate 
uncertainty of about --0.03 mag. just made. 

When comparing cepheids of much different bright 
ness in this study, we must take into account: 


(7) Systematic accuracy of magnitude and colo 
scales: --0.05 mag. 


~ Taste VI. Comparison of magnitude at mean light 
intensity to mean magnitude. 


Variable Magnitude mean Intensity mean 
HV B V 
847 14.76 13.85 14.66 13.82 
1966 15.95 15.36 15.84 15.34 
1825 16.19 15.61 16.11 15.5% 
848 16.99 16.35 16.91 16.34 
850 16.85 16.20 16.72 16.12 


SOUTHERN HEMISPHERE PHOTOMETRY 


425 


TABLE VII 


PARAMETERS DERIVED FROM LIGHT CURVES 


Variable jogP <B> <V> <B>-<V> A<B> A(<B>-<v>)t Variable togP <B> <V> <B>-<V> A<B> A(<B>—<V>' 

1877 1,695 13.93 13,10 0.83 40.01 -0.03 1994 0.625 16,39 15.75 0.64 40.07 0.02 
837 1.629 13.98 13.09 89 —.09 + .01 1793 0.621 16.43 15.76 67 +.11 00 
11182 1.598 14.54 13.60 94 + .40 + 08 1891 0.538 16.43 15.77 66 — 07 00 

2064 1,528 14.58 13.67 91 + ,29 + .07 11206 0,532 16.57 15,98 59 + .05 — .03° 
840 1,520 14.30 13.40 S00) 1, 01 + 104 1987 0,496 16.55 15,95 S60") iatn08 — 103 

1967 «1,464 14,23 13.49 Tae .20 — .09 1898 0.480 16,29 15,90 13900 = 34* = .18* 
847 1,485 14.67 13.84 83 +17 +.01 2027 0.475 16.76 16.06 70 + .12 + .06 
1884 1.258 15.19 14,29 90 + .29 + .09 1974 0,462 16.71 16.03 68 + .04 + .04 
1925 1,235 14.36 13.83 253 -— .59 — .24 2000 0.459 16.66 16.11 255 —.02 — .05 
1954 1,223 14.41 13.82 1590 = 157 = 119 1809 0.451 16.76 16.07 369 02+ .07 + 105 
1787 1,210 14.98 14,20 eySie = 02 SA 2049 0.447 «16.77 16,10 -67 «= + . 06 + .04 
843 1,167 «415.70 14,78 292 + .60 +.14 1850 0.441 16.37 15.87 50 —.35 -—.11 
1695 1.161 15.18 14,41 77 + .06 0 1981 0. 435 17.15 16,44 otk + 42 +.11l 
1933 1.139 14,81 14, 23 58 — .36 —.17 1923 0, 409 16.79 16,25 254 — .03 
1873 a 10e" 35535" 4b 7L 64 +12 —.09 2046 0.407 16.68 16,02 66 -.i1 + .02 
1744 1,100 14.97 14,33 164 = 008 rel? 850 0.404 16,73 16,14 B59 ne =5:c07 OL 
856 1.084 15.42 14,76 66 +14 — .07 2021 0,396 17.06 16,61 245 + .24 —.05 
2017 1.058 15,25 14,51 74 —-.10 — .02 11192 0.372 16.81 16,21 60 — .06 +01 
2063 1.048 15.41 14.58 -83 + .03 + .05 2002 0.370 16.69 16, 20 249 —.18 —.07 
2060 1,009 14,94 14,29 1652 = 152 Sasol 844 0.346 16,82 16,28 iy SB = 103 
1768 0,991 15.60 14.84 378 «=». 10 +01 2014 0,343 (16,74 16,14 UeNen =e 10 .00 
1950 0.902 15.73 14.81 92 + .05 + .14 848 0.338 16.90 16,31 259 —.04 + .01 
1905 0.870 15,49 14.92 Py é — .28* —.14* 11199 0.321 16,50 15.92 58 — 48 —.04 
1855 0.834 15.94 15,17 whe. + 09 + .04 2035 0.297 17,12 6, 69 43 + .08 — .05 
1945 0,811 15.86 15.17 169.04 = 103 Arpa 0.219 17.74 16.97 yp Pach + 220 
11193 0.809 16,40 15,53 .87 + .50 +14 2019 0,212 17.34 16,85 e40m aredt + 01 
1858 0.787 416.15 15,44 Gis + 19 +01 11198 0.209 17.04 16,56 48 —.20 —.04 
1892 0.753 16.26 15.45 81 + .23 + 09 2022 0.117 17.79 17, 25 254 + 36 + .09 
1929 0,747 16.03 15.30 WisapeosO} + 102 11197 0.031 16,91 16.49 Haz 572 = 508 

1903 0,707 16.14 15.55 B59 resco! ~ 107 
b (0.318) 17.16 16.64 52 +.17 00 
1827 0.692 15.98 15,43 A566 AD. Syl 1978 0.43 16.7 15.8 ‘9 = 105* + 118 
1934 0.689 16.21 15.50 el + .03 +.01 1868 0. 45 16.75 16.8 — .05 + .05* a aietee 
1785 2674 16.50 15.71 79 + .29 +.09 1836 0. 46 16.5 16.0 5 - —-.10 
1966 0.630 15,85 15, 32 —,53 = —.14 Arp g -G@-.7 15,35 15.3 05 -1 . . 
1825 0.630 16,13 15.59 204 —.17 —.10 


*Designates note at end of Table V. 


Finally, differences which are not intrinsic can 
pear due to: 

(8) Back-to-front magnitude differences. The dif- 
ence in magnitude between variables at the front of 
system of angular radius a and the back is: 


Am=5 log[ (1++tana)/(1—tana) ]. (7) 


ith an extreme optical diameter of 4° for the SMC, 
> back-to-front magnitude difference is only 0.16 mag. 
r the region investigated here, where the majority 
variables are probably within a sphere of 1° in 
meter, the total range is only 0.04 mag. and the 
rection to the mean is 0.02 mag., at most. 

(9) Reddening and obscuration. This last effect will 
discussed in a later section. 

To summarize, the total estimated average error for 
yheids at the same brightness is about +0.03 mag. 
magnitude and color. For cepheids over the range of 
ghtness here the average relative accuracy is about 
).05 mag., except for the faintest variables where the 
ors undoubtedly increase somewhat. 


13. The Measured Period-Luminosity Relation 


Table VII lists the <B> and <V> derived for each 
heid investigated here. The <B> is plotted against 
P in Fig. 9. A mean straight line has been passed 
ough the points in Fig. 9 by eye estimate. The 
lation of that line is 


B>= 17.70— 2.23logP observed P—L relation 
+0,10 -+0.10 estimated uncertainty. 
(8) 


tMeasured along reddening line: A<V> = 3.0 A(<B>—<V>). 


It should be noted that this P—L relation is slightly 
different from that of a preliminary announcement 
(Arp 1958 a). The present P—L relation is 0.1 mag. 
brighter in zero point. This simply represents the 
average brightening of the cepheids when intensity 
means are used in place of the original magnitude means. 

The scatter about the P—L relation drawn in Fig. 9 
is the same as announced earlier (Arp 1960), an ex- 
treme range of about A<B>=1.1 mag. This disper- 
sion is roughly the same as in P—L relations derived by 
previous investigators (Shapley 1930; 1940). 


14. Observed Place of the Cepheids in the 
Color-Magnitude Diagrams 


Figure 10 shows a plot of <V> vs <B>—<V>. 
It seems that the cepheids, at mean light, appear only 
in a region between 0.3 and 0.4 mag. wide in color index 
which runs roughly from <B>—<V>=0.9 mag. for 
the brightest to <B>—<V>=0.4 mag. for the 
faintest. If fitted with a straight line, the points in 
Fig. 10 are best represented by 


<B>—<V>=2.2—0.1<V> 
apparent domain of cepheids 
in color-magnitude diagram. 


(9) 


This is the same equation quoted previously (Arp 
1958 a). For the best fit of the points in the diagram, 
however, is necessary to draw a break in slope of the 
mean color-magnitude line, as shown in Fig. 10. Below 
about <V>=15.5 mag. the cepheids get bluer faster 
with decreasing luminosity than do the brighter cepheids. 
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ANALYSIS OF THE DATA 


Studies of the richly populated and relatively un- 
reddened globular clusters have shown that RR Lyrae 
cepheids have colors which range through A(B—V) 
=0.2 mag. at the same luminosity. By analogy, longer 
period.cepheids would be expected to occur in a strip 
in the color-magnitude diagram which had a width of 
this order. This expectation has been supported by 
recent observations of star clusters in the SMC which 
have rich enough giant branches to define the insta- 
bility gap. In NGC 458 (Arp 1958 a) the gap was 0.3 
mag. in B—V; in NGC 330, a. brighter SMC cluster, 


° 2 4 6 


8 Woponirs 0) 
B-V 
Fic. 10. Apparent place of the cepheids at mean light in the 


color-magnitude diagram. B=(B); V=(V). 


Fic. 9. The period-luminosit 
relation. These are magnitudes ; 
mean light as measured, fro: 
columns 3 and 4 of Table VI 
B=(B); V=(V). 


the gap was greater than 0.4 mag. in B—V (Arp 1959 b 
See Fig. 28. 

More direct evidence comes from a plot of tk 
cepheids themselves in the color-magnitude diagran 
Figure 10 shows that, as observed, the dispersion 1 
color index is more than 0.3 mag. at a given luminosit: 
Since it will be shown later that the reddening for the: 


cepheids is probably very small, the intrinsic dispersic 


in color for these long-period cepheids is of just th 
order of B—V=0.3 mag. 

A characteristic period, from the general P,/p=con 
law for vibrating systems, can be associated with evel 
point within this strip of instability. The lines of coi 
stant period slant toward redder colors and faint 
luminosities. See Fig. 25. Therefore, a cepheid situate 
on the blue side of the gap finds its characteristic peric 
shorter than cepheids of the same luminosity in tl 
center of the gap. This particular cepheid would fa 
above the mean P—L relation. Since the whole str 
is more or less filled with cepheids, in this way the 
will be caused a real dispersion in the P—L relatio: 
(In fact, there will be no unique relationship betwee 
the period and any other single parameter, such ; 
color or amplitude.) The sense of this dispersion w: 
be that at a given period the bluest cepheids are tl 
brightest and the faintest cepheids are the reddes 
This is the same effect which interstellar reddenir 
would give. In fact, we shall see that the ratio of i 
trinsic faintness to redness is so close to the reddenit 
to absorption ratio that it is essentially impossible | 
use the observed colors in conjunction with the ol 
served magnitudes to derive reddening corrections f 
a group of cepheids, even if they are all at the san 
distance. 

This point is important because, for example, if v 
look at the observed P—L relation of Fig. 9, we cann 
say by using the observations of the colors of the 
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Amplitude 
Brin Bmax 


Fic. 11. (Above) The period- 
oplitude relation for 63 cepheids 
served here. 5 


Fic. 13. (Below) The period- 

pplitude relation for 63 cepheids 2.0 
served here (large circles), plus 

pheids reported by Shapley and 

cKibben (small circles) and 

ascoigne (small circles), and one 

9-day LMC cepheid reported by 

aposchkin (small circle). The 5 
raight line shows the adopted 

ean period-amplitude relation. 


Amplitude 
Bmin8mox 


1.0 


ars how much of the dispersion in the P—L relation 
intrinsic and how much is due to variable absorption. 
we wish to study the intrinsic nature of the cepheids, 
1en it is necessary to search for some other method of 
moving reddening. 

We attempt to do this here by considering stars only 
f a given period, that is, stars which lie along a given 
=const line in the color-magnitude diagram. Since 
ifferences in color and brightness could be caused by 
sddening, we cannot tell where in the gap, along that 
'=const line, the star really belongs. Only if there is 
mie property of the star which depends only on its 
osition in the gap and not upon reddening can we hope 
) disentangle the two effects. Of course, the light curve 
jape is the only such property of the cepheids here 
hich has a chance of telling us where in-the gap the 
spheid really belongs. For example, it is reasonable to 
spect that the cepheids toward the center of the gap 
ave maximum instability and, therefore, have the 
rgest amplitude of light variation. This is, of course, 
bserved in the RR Lyrae stars (Roberts and Sandage 
955) where the amplitude of light variation falls to 
ro on either side of the gap. We will also investigate 
ere other possible characteristics of the light curve 
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which can be measured quantitatively, such as asym- 
metry, to see whether an accurate enough relation can 
be established between light-curve properties and posi- 
tion in the cepheid gap along a constant period line. 
At any given period, however, we must first establish 
what the properties of the normal or average light 
curve are in order to measure deviations which can be 
correlated with relative position in the gap. 


15. The Period-Amplitude Relation 


Fig. 11 shows the period-amplitude relation for 63 
of the cepheids observed here. It is clear that generally 
these cepheids increase in amplitude for periods both 
longer and shorter than about 8 days. In order to check 
the suggested decrease in amplitude for periods longer 
than 33 days and shorter than 2.5 days, however, more 
points were needed. 

The additional cepheid amplitudes were drawn from 
the sources indicated in Table VIII. The data listed by 
Gascoigne (1958) are on the B, V system and were 
used as he presented them. Before using the Harvard 
data, the amplitudes were corrected for the difference 
in magnitude scales between the two investigations. 
This was accomplished by noting that among the 49 
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Taste VIII. Amplitude and asymmetry data from accurate Harvard light curves of SMC variabl 
sip asians an COL (Shapley and McKibben 1940) there are seven whi 
: L are common to the present investigation. They a 
Barc Garisile Gee at as Asymmetry marked by asterisks in Table VIII. Plotting the valu 
HV logP Gascoigne! Harvard? Harvard? obtained in the present investigation against valu 
821 2.104 1.35 read from the seven Harvard light curves enabled ; 
829 1.947 £53 empirical straight-line transformation to be made bk 
834 1.866 1.05 tween the Harvard amplitudes and the present amp 
ete nen ae tudes. This is shown in Fig. 12. 
The magnitude scale correction shown in Fig. 
(aoe ce 1.80 1.5 0.79 would predict about 0.23 mag. correction for a variak 
823 1.504 1.85 1.6 0.86 with the average amplitude of 1.25 mag. The points 
817) A216 ea) 1.3 0.61 Fig. 12 indicate, however, that the fainter the variab 
1342 1.254 tat5 0.7 0.59 the t Ne fack Es ied ton 
greater correction factor must be applied to 
1333 food 15 0.67 Harvard amplitudes. The small circles represent co1 
ie 1.200 1,00 oe ee parison of the present amplitudes to the amplitud 
827 1.129 1.52 1.0 0.61 listed in Harvard Circ. 439 and 444. The scatter is mo 
1351 1.116 1.03 0.54 in the direction of large corrections, implying that 
2052 1.099 1.1 0.54 +. many cases the maximum or minimum was not well o 
1365 1.093 1.15 He served; hence the amplitude was underestimated in t! 
oe Sone ee 0.53 early work. The 49 light curves listed in Harvard An 
1610 1.066 1.25 0.53 109, when systematically corrected to the present sy 
SOieT meee 111 0.54 tem, are however very accurate—as shown by the lar 
2063* 1.048 0.95 0.58 circles. The spread around the line in Fig. 12 for the 
1426 1.018 1.11 0.56 stars is only +0.05 mag. (standard deviation). TI 
Neen one oe ae demonstrates that the error in each amplitude dete 
mination is less than +0.04 mag., and that the scatt 
oe Core ne sere observed in the period-amplitude relations of Figs. 
836 0.973 1.15 0.77 and 13 is dispersion inherent in the cepheids themselve 
2103 0.953 0.69 0.67 The relation in Fig. 12 also enables the amplitudes 
1790 0.947 oo ou the 49 Harvard cepheids to be transformed accurate 
1338 0.928 1225 0.70 to the present system. They are plotted together wi 
i ee ae ee eleven Gascoigne cepheids in Fig. 13. In Fig. 13 tl 
1855* 0.835 0.95 0.72 mean adopted period-amplitude relation is indicated | 
1400 0.822 1.04 0.68 a line drawn through the points. It is difficult to | 
1492 0.799 1.4 1.39 © 0.70 certain of the behavior of the mean line at around eig 
2124 0.782 1.04 ueOet2 days, but the shorter-period group appears to extend 
ee S; use oe ae small amplitudes below the longer-period group and n 
2031 + ~+~—«0..720 1.44 0.71 join continuously onto the periods greater than eig! 
days. This same behavior is suggested in the asymmet: 
851 0.671 1.39 0.77 : : z E 
1425 0.658 1.39 0.79 plot although, here again, the situation around eig] 
1619 0.641 0.99 0.83 days is very confused. 
858 0.583 1.39 0.80 
2085 =—-0..570 1.27 0.80 16. The Period-Asymmetry Relation 
11206* = 0.531 0.93 0.74 After the amplitude, the most characteristic over-é 
eh re ta Hee feature of the light curve is its asymmetry. Asymmet 
2076 = 0.397 1.45 0.84 is defined here as the fraction of its cycle during whic 
2128 0.357 1.33 0.70 the variable is decreasing in brightness. The paramet 
1446 0.271 1.55 0.77 is probably related to the degree to which the oscillatic 
2127 0.262 0.83 0.57 is free or driven. This quantity, as measured for 65. 
ve ae dee eee the cepheids investigated here, is listed in the next © 
1505 0.096 rege 0.64 the last column of Table V. 
LMCt Values of the asymmetry were read from the pu 


HV 2477 2.075 0.9 0.48 lished light curves of the 49 Harvard SMC cephei 
(Shapley and McKibben 1940) and listed in the la 


* Cepheids common to present investigation. See Tables V, VII, and IX. column of Table VIII. The Harvard values should I 
t+ Longest period cepheid in LMC. Shapley and McKibben (1940) and : A 
Gaposchkin (1955). (Error on scale of light curve in latter reference.) directly comparable to the ones here since the asyn 


1 Private communication; also Gascoigne (1958). : . 5 * 
2 Amplitudes empirically transformed from Shapley ef al. (1947). metry derived in this way 1s not dependent on magn 
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1. 12. The corrections to be 
lied to Harvard amplitudes to 
in amplitudes on the present 
em. Small circles are ampli- 
2s from Harvard Circ. 439 and 
_ The large circles are from 
e accurate light curves in 
vard Ann. 109, No. 10. 


e scales. The seven stars common to the two in- 
tigations were compared. One, HV 2060, has a 
np at maximum in the Harvard light curve which 
ses its asymmetry to be about 0.53, compared to the 
3 derived here. Comparison of the remaining six, 
vever, shows a standard deviation of only -L0.04. 
conclude that the asymmetry is a quantity which 
racterizes the light-curve shape and which can be 
dily measured to an accuracy of +3%. 

‘he plot of asymmetry against logP is shown in 
. 14. The adopted mean relationship is drawn 
ough the points. The over-all dispersion of the plotted 
nts from the mean line is 0.06. Only +0.03 of this 
bservational error, so, 


[ (0.03)?+-2? ]?=0.06 
x=-+0.05. 


- intrinsic dispersion from the mean logP-asymmetry 
tion is 0.05. 

“he period-asymmetry relation resembles the period 
plitude relation very closely. The occurrences of 
ximum asymmetry are shifted to slightly longer 
iods than the points of maximum amplitude. At 2.5 
s the shift is 0.05 in logP, and at 33 days it is 0.02 
ogP. The point of minimum asymmetry, however, 
urs at a period around 13 days, which is considerably 
ger than the period of 8 days at which minimum 
plitude occurs. 


17. The Period-Rate-of-Rise Relation 


n the process of deriving the parameter of asym- 
try, some light curves were encountered which had 
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very flat minima or bumps at minimum. In order to 
escape this uncertainty in the time of minimum and 
still obtain a light-curve parameter which was related 
to the asymmetry, the rate-of-rise of the light curve 
was measured. This quantity is listed in the last column 
of Table V. The slope of the ascending branch of the 
light curve was measured in units of the number of 
phase units required to rise one magnitude. Of course 
the measurement of this quantity is disturbed by bumps 
on the ascending branch or discrete changes in slope, 
such as in the case of HV 1884 and HV 1954. The 
effects of bumps or slope changes were removed as best 
possible by trying to estimate the slope of the under- 
lying light curve with particular weight being given to 
the top of the ascending branch. Uncertain cases are 
enclosed by parentheses in Table V. 


Asymmetry 


Log P 


Fic. 14. The period-asymmetry relation. The open circles repre- 
sent values for the present cepheids taken from column 9 of 
Table V. The small closed circles represent values for 49 cepheids 
published by Shapely and McKibben. 


430 


RATE OF RISE 
ce) 


° 2 4 6 


8 Lo 1.2 1.4 1.6 1.8 2.0 
Log P 


Fic. 15. The period-rate-of-rise relation. The rates-of-rise are 
taken from column 10 of Table V and the closed circles represent 
only stars which are more than 0.2 mag. brighter than the mean 
P-L relation (A(B)<—0.20 mag.). 


The relation between the rate-of-rise and logP for 
the variables here is shown in Fig. 15. The form of the 
relationship is somewhat different than in the period- 
amplitude plot and has more scatter although the 
maxima and minima are at about the same logP. The 
period-rate-of-rise turns out to have one surprising 
feature, however, which is of great importance to the 
present analysis. In Fig. 15 all the stars which are 0.20 
mag. or more brighter than the mean period luminosity 
relation (A<B><—0.20 mag.) are designated by filled 
circles. These 11 stars have systematically slower rates- 
of-rise than other stars at the same period. Why this 
difference appears this way in the period-rate-of-rise 
relation and differently in the period-amplitude and 
period-asymmetry plot is a mystery. The important 
fact is that there is something demonstrably different 
about the light curves of these bluest-brightest cepheids 
compared to the remainder of the cepheids. The con- 
clusion here must be, then, that these 11 wariables, 
which are not only brighter than average but also much 
bluer than average, are not simply relatively unreddened 
in comparison to the average. The objective difference 
in their light curves shown in the period-rate-of-rise 
relation proves that these cepheids are intrinsically 
bluer and brighter. At the same time the fact that these 
stars are differentiated in the period-rate-of-rise plot 
and not the period-amplitude plot rules out the possi- 
bility that these 11 stars have unresolved blue com- 
panions which increase their brightness and blueness. 
If that were the case, of course, their amplitudes would 
be much reduced but their rate-of-rise to maximum 
brightness would be little affected. 

Because the intrinsic properties are still discernible, 
the results imply strongly that the reddening suffered 
by this group of cepheids is not large compared to its 
dispersion in intrinsic properties. If this is the case, 
then there is the hope that a quantitative relationship 
can be established between the parameters of light- 
curve shape and deviation from average brightness. 
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18. Deriving the Reddening of the Cepheids y 


Figure 16 shows a plot of each cepheid’s deviation froi 
the mean period-amplitude relation, A(Bnin— Bmax) 
versus its deviation from the mean period-apparen} 
magnitude relation, A<B>. As outlined previously 
we would expect stars which were brighter than averag 
(negative A<B>) to have small amplitudes and t 
smallest deviation from mean brightness. Stars on #] 
red side of the gap would have small amplitudes aga 
but would appear underluminous for their period.’ Ij 
short, we would expect a relative amplitude brightnes) 
relation of the general form of the solid line in Fig. 14 

Now, if variable absorption is present, each cephei 


is not too large, the intrinsic line will not be shredde} 
out beyond recognition. The plotted points in Fig. 1) 


that the cepheids with large relative amplitudes hay) 
only a small range in relative brightness. As we look a 
the cepheids with smaller amplitudes, the majority ¢ 
them are found to be fainter than average. A few of th) 
cepheids, however, are found to become brighter wit! 
diminishing amplitudes. These latter cepheids are ju 
the cepheids demonstrated in Sec. 17 to have the li 
curve anomaly of slow rate-of-rise. They were 
demonstrated to be intrinsically bluer and would the! 
fore be expected in Fig. 16 to have smaller amplitude} 
because they fall on the blue side of the cepheid gap. | 
We assume that most of the points in Fig. 16 hay) 
been moved horizontally away from some narrow, inl 
trinsic line by the effects of absorption. It is difficult. / 
be sure exactly where the unabsorbed line really is. Thi 
solid line in Fig. 16 has been drawn with the shape‘ 
the average of all the plotted points, and then shifte 


4(Bmin™8 max) 
+.6 


Absorption 4 


6 -A -2 Ou mee 4 6 
AB 


Fic. 16. The relative amplitude-relative luminosity relatioi 
The ordinate is the difference in B amplitude between a gi 
cepheid and the average amplitude at that period and taken fi 
Table IX. The abscissa represents the amount, in magnitu 
which a given cepheid is brighter or fainter than the average | 
that period. (Also from Table X.) The effect of absorption on a 
cepheid is to move it horizontally toward fainter magnitudes fro! 
the unreddened line. B=(B). 
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: TABLE Ix 
VARIATIONS FROM AVERAGE LUMINOSITY, AMPLITUDE, RATE-OF-RISE, AND ASYMMETRY 


Variable 


ae ROR Verne AW HV ae) ASV D7, Brin7 Bmax 4(Bmin7 Bmax) 4<2>p_z ae ion a tae pre kor bad 
1877 1, 695 (0. 80) +0. 08 0.00 (1. 10) (0. 18) +0, 01 +0. 03 +0. 02 
837, 1, 629 0.91 + .08 —.1% 1,52 + .13 — .09 “00 + .06 
11182 1,598 0. 60 — .26 + .26 1, 22 — .22 + .40 + .09 — .06 
2064 1,528 0.90 — .06 +17 1. 30 — .23 + .29 + .01 — .02 
840 1.520 1.10 + .13 — .13 1. 67 + .12 —.01 —.01 + .05 
1967 1. 464 0. 89 — .08 — .16 (1.17):  .33) — .20 + .06 + .04 
847 1, 435 0. 85 —.12 +11 1, 42 —.il + .17 + .02 — .06 
1864 1, 258 0. 81 — .05 +.14 1, 23 — .06 + .29 + .04 — .04 
1925 1, 235 0.72 —.13 — .38 1.16 —.10 — .59 + .18 -00 
1954 1, 223 0.77 —.12 — .42 1.31 + .06 — .57 + .25 — .08 
1787 1, 210 0.90 + .07 —.07 1, 42 + .19 — .02 + .02 - 00 
843 1, 167 1.05 + .24 + .40 1.53 + .34 + .60 - 00 + .01 
1695 1.161 0. 69 —.12 + .03 1,14 — .03 + .06 + .03 +11 
1933 1,139 0.71 — .06 — .22 1,19 + .05 — .36 + .13 + .01 
j 1873 1,111 0.83 + .06 + .20 1,09 — .03 + .12 + .01 + .02 
1744 1, 100 0.93 + .16 —.21 1.27 + .17 — .28 + .12 — .08 
856 1.084 0. 76 -00 + .18 1.16 + .06 + .14 + .02 +.11 
2017 1, 058 0.73 -—.01 —.14 1,13 + .07 —.10 00 — .02 
2063 1,048 0.82 + .08 — .08 1,02 — .02 + .03 + .05 
2060 1.009 0.91 + .19 — .48 0.96 — .05 — .52 + .04 
1768 0,991 0.57 —.13 + .04 0.53 —.ll + .10 — .02 
1950 0. 902 0.57 — .08 —.21 0. 79 + .02 +05 — .07 
1905 0. 870 0. 80 +.17 — .18* 0,93 + .09 — .28* Bet re 
1855 0. 834 0.79 + ,19 -—.01 0, 88 -.01 + .09 — .06 
1945 0. 811 0, 88 + . 26 = .08 1, 23 + .30 — .04 + .07 
11193 0, 809 0.79 + .16 + .28 0. 69 — .23 + .50 oa — .16 
1858 0. 787 0.63 — .02 + .13 0.95 -—.01 + .19 be + .04 
1492 0. 753 0.51 —.17 + .07 0, 73 — .26 + .23 ao — .05 
1929 0. 747 0,59 — .09 —.10 0,56 (+ . 45) —.01 a .0 — .04 
1903 0, 707 0.74 + .01 + .05 1, 35° +27 + .01 + .01 + .04 
1827 0. 692 0.83 + .09 —.10 1, 26 + .15 —.19 + .01 + .05 
1934 0. 689 0. 82 + .07 — .05 1,07 — .03 + .03 - 00 + .06 
1785 0.674 0. 88 + .10 + .13 0.97 — .16 + .29 + .06 + .03 
1966 0. 630 1,05 + .24 -— .37 1, 46 + .25 — .45 + .04 + .03 
1825 0. 630 0.90 + ..09 —.10 1,22 + .02 -—.17 — .01 + ,05 
1994 0. 625 0.97 + .15 + .06 1.36 + .13 + .07 + .04 + .02 
1793 0. 621 1.03 + .21 + .05 1.34 + .12 + .11 + .07 — .05 
1891 0.538 1, 27 + .36 —.14 1.53 + .18 —.07 + .03 + .02 
11206 0.532 0. 66 — .25 + .07 1,07 — .26 + .05 + .09 — .07 
1987 0. 496 0.96 + .01 — .06 1. 39 - .O1 — .05 + .02 — .05 
1896 0. 480 0.67 — .30 — 15 0,74 — .68 — .34* Ae 
2027 0. 475 1,08 + .11 . 00 1,54 +.11 + 12 + .05 — .06 
1974 0. 462 0,93 — .05 — .06 1,57 + .12 + .04 + ,01 + ,04 
2000 0. 459 0,93 — .05 . 00 1, 36 0 — .02 mle 
1809 0. 451 1,12 + .12 — .05 1.46 — .02 + .07 + .04 — .04 
2049 0. 447 1.04 + .04 — .03 1, 18 , — .28 + .06 + .04 + .04 
1850 0, 441 1,01 , 00 —.27 1,55 + .07 — .35 + .08 — .08 
1961 0. 435 1.16 +.14 + ,28 1,53 + .03 + .42 + ,03 — .03 
1923 0. 409 1,00 — .03 + .03 1.58 + .05 0 + .04 — .03 
2046 0, 407 0.91 — .13 —.21 1.34 —.17 ray! 5 —.14 
*Refer to Note ¢ of Table V. { May belong to extension of longer period line and be: A(B int Bas = —0. 16. 


) that it passes through the points which show the given in the last two columns of Table IX. The plots 
ast absorption. This means that we have assumed are in general similar to Fig. 16, since all these light- 
lese stars, which represent about 10% of the whole curve parameters are closely correlated. As would be 
oup, to be unreddened. Now it is possible to shift expected from the way in which the bluest variables 
kes peat Fig. 16 back to the full line and read off vere outstanding in the period-rate-of-rise relation, the 
te total absorption, A<B>=.,s, which each star has relative rate-of-rise versus relative brightness plot ex- 


| r . . oe : 
ee moved from the original, pands the scale for this blue, smaller amplitude group. 


llline relationship. These derived absorption values ; i F : 
the cecond column of Table X. The relative lengths of the two straight line portions of 


Now correlations of cepheid brightness with light- Fig. 16 are interchanged. There is more scatter in the 
jrve shape are also available for the light-curve pa- last two plots of relative brightness versus relative rate- 
meters of asymmetry and rate-of-rise. The residuals of-rise and asymmetry than in Fig. 16, and they are 
/om the mean rate-of-rise and asymmetry relations are not shown. The values of absorption derived from these 


TABLE IX -continued 


Variable - - < -B A(B_ 47 B A<B>. A rate-of-rise A asymmetry 
J HV log P Vinin” Vmax A(V in’ Vinax) ASV>p_y, Brin” Bmax (Brain max) P-L (from B light curves) 
0 0. 404 1,17 +0. 13 —0.10 1,67 +0.14 0.07 —0. 02 +0. 05 
2021 0. 396 1,19 +,13 + .35 1,53 — .03 + .24 +.01 .00 
11192 0. 372 1,21 + .19 -—.il 1,87 + .28 — .06 + 04 + .08 
2 0. 370 1.06 + .03 —.12 1,41 — .18 — .18 + .04 + .03 
844 0. 346 0.93 -.il — .09 1, 66 + .15 —.10 .00 + .08 
2014 0, 343 1,17 + .13 — .24 1,64 + .15 —.19 + .03 + .06 
48 0, 338 (1.02) —.01 — .09 1, 46 - 00 — .04 eae —.13 
11199 0, 321 0.53 - .49 — .52 0. 60 — .83 — .48 + .24 + .04 
0, 297 0.97 —.01 + .19 1,37 + .03 + .08 + .06 —.12 
Arp a 0, 219 (0. 95) + .08 + .28 (1.57) 49 + .53 + .04 + .03 
19 0. 212 1,21 +.34 +.15 1. 87 + .80 +.1l + .05 +.18 
11198 }. 209 0. 80 — .06 —.15 0.79 27 — .20 + .25 — .02 
22 0,117 + .25 + .32 1.77 +1, 02 + .36 +.14 + .06 
' 11197 0, 031 (0. 98) + .35 — .66 1,02 ae —.72 oe 

Arpb (0. 318) (0. 85) —.16 +.19 (0. 93) Aicalie +.17 alta se 

j , 
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TasLe X. Absorption estimated from magnitude light curve shape relations. 


Variable Absorption in B Adopted absorption Intrinsic } 
HV A<B>amp A<B>rate-of-rise A<B> asym A<B>abs <V>o0 (<B>—< /> ! 
1877 0.00 0.10 0.22 0.11 13.01 0.80 

837 0.19 0.17 0.27 0.21 12.94 0.84 | 
11182 0.36 0.17 0.31 0.28 13.39 0.87 
2064 0.24 0.49 0.37 0.37 13.40 0.82 
840 0.25 0.30 0.31, 0.29 13.19 0.83 
1967 al +0.25 +0.30 0.28 13.28 0.67 
847 0.22 0.32 0.08 0.21 13.69 0.78 | 
1884 0.39 0.33 0.28 B33 14.05 0.82.48 
1925 0.25 0.22 0.05 0.17 13.71 0.49 © 
1954 0.05 0.35 0.33 0.24 13.64 0.53 
1787 0.30 0.11 0.12 0.18 14.05 0.73.9 
843 0.97 0.86 0.77 0.87 14.12 0.70 
1695 0.18 0.15 (0.33) 0.17 14.29 0.73 7 
1933 0.28 0.31 0.24 0.28 14.02 0.51 
1873 0.24 0.33 0.33 0.30 14.47 0.56 
1744 0.20 0.36 0.29 0.28 14.12 0.57 
856 0.34 0.29 (0.41) 0.35 14.49 ONS 
2017 O42 0.16 —0.0 0.14 14.39 0.70 
2063 0.16 ao 0.35 0.25 14.40 0.77 
2060 0.26 —0.01 0.26 14.08 0.58 
1768 0.16 0.16 0.16 14.72 0.72 
1950 0.22 (—0.07) 0.22 14.63 0.86 
1905 0.31 (0.02) OVst 14.68} 0.49 
1855 0.23 (—0.11) 0.23 14.99 0.714 
1945 0.33 0.45 0.39 14.87 0.59 
11193 0.55 0.04 0.30 15.29 0.79 
1858 0.32 0.47 0.39 15.14 0.61 
1892 0.16 0.11 0.14 15.33 0.77 
1929 ? (—0.04) 0.24, 15342 0.67 
1903 0.38 0.22 0.30 0.30 15.31 0.51 
1827 0.09 0.13 0.12 * 0.11 15.34 0.52 
1934 0.16 0.29 0.29 0.28 15.29 0.64 
1785 0.30 0.22 0.54 0.35 15.44 0.70 
1966 —0.08 —0.05 0.08 —0.02 15.35 0.54 
1825 0.00 0.09 On: 0.08 15-53 0.52 
1994 0.34 0.11 0.28 0.24 15.57 0.58 . 
1793 0.36 0.00 0.06 0.14 15.64 0.63 | 
1891 0.24 0.03 0.14 0.14 15.65 0.62. 
11206 —0.02 —0.18 —0.07 —0.09 16.04 0.61 
1987 0.08 0.10 —0.10 0.03 15.92 0.59) | 
1898 iste: es ey Se ae 
2027 0.37 0.11 0.33 0.17 15.94 0.66 — 
1974 0.29 0.25 0.31 0.28 15.82 0.61 
2000 0.13 tee tee 0.13 16.02 0.52.74 
1809 0.20 0.11 0.05 0.12 15.98 0.66 
2049 —0.03 0.10 0.35 0.14 15.98 0:63:39 
1850 0.26 OMT, 0.51 0.31 15.63 0.42 
1981 0.60 0.52 0.45 0.52 16.05 0.58 
1923 0.20 0.04 0.05 0.10 16.16 0.51 
2046 —0.11 ies (—0.52) 0.24} 15.84 0.60 
850 0.20 0.26 0.27 0.24 15.96 0.5358 
2021 0.36 0.45 0.38 0.40 16.31 0. 35s0 
11192 0.30 0.34 0.31 0.31 15.97 0.52 
2002 (—0.18) 0.22 OZ 0.05 16.17 0.48 
844 0.18 0.25 0,27 0.23 16.10 0.48 
2014 0.10 0.18 0.19 0.16 16.02 0.56 
848 0.11 tee oo 0.11 16.22 0.56 — 
11199 30,5 0.51 —0.01 0.24f 15.74 0.52 
2035 0.26 0.02 (—0.18) 0.24 16.51 0.3778 
Arp a 0.90 0.73 0.78 0.80 16.37 0.57 
20.9 0.48 0.08 0.31 0.29 16.64 0.42 
11198 (—0.34) (0.82) (—0.10) 0.24 16.38 0.42) 
2022 (0.63) (—0.14) (0.72) 0.247 17.07 0.48 
11197 ao : 0.24} 16.31 0.36 
Arp b 0.247 16.46 0.46 — 


* May have missed min. 
+ Individual value uncertain—mean.absorption adopted. 
t Not plotted. See notes t Table V. 
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TABLE XI. Three-color measures of SMC supergiants. 


| Gascoigne! Wesselink? Arp’ (Cy) & 
| Star B-V U—B Ep_y B-V U-—B Ep_y B-— U-—B Ep_v Notes 
| HD 4862 —0.02 —0.74 0.04 

HD 4976 +0.14 —0.66 0.24 0.14 —0.60 0.22 0.13 (1.03) 0.37 4 
| HD 5030 +0.08 —0.50 0.07 0.13 —0.53 0.16 0.08 —0.57 0.11 5 
| HD 5045 —0.08 —0.94 (0.10): 0.00 —0.91 tee —0.06 —0.91 (0.11): 6 
| HD 5277 0.14 —0.26 0.00 0.09 —0.26 0.03 
| HD 5291 0.05 —0.69 0.13 —0.01 —0.67 0.03 a 
| HD 5980 —0.20 —0.99 (—0.04): —0.18 —1.06 0.05 8 
HD 6884 0.08 —0.64 0.15 0.00 —0.65 0.04 ff 
_ AD 7099 —0.07 —0.84 0.05 —0.04 —0.79 0.07 —0.11 —0.86 0.00 7 
} HAD 7583 +0.16 —0.40 0.13 0.14 —0.43 0.11 0.14 —0.37 0.12 9 
b 0.10 (1.06) 0.20 if 
‘ad 0.12 (1221); "0106 7 

e —0.02 (1.02 0.08 uh 

| aes 0.15 (1.21) —0.04 7 
| h —0.08 (0.97) 0.08 if 
_ Average (excluding 
_ HD 4976, 5045, 5980) 0.07 0.10 0.04 

Average (only stars near NGC 371) 0.05 0.09 0.04 

Average of all supergiants Esp_-v= 0.05 (8 stars) 


near cepheid field and NGC 371 


+0.03 (standard deviation of mean) 


1 Gascoigne (1954) aluminized reflector. 


2 Wesselink (unpublished) silvered reflector. His results have been empirically transformed to U —B using stars in common with Gascoigne. 
Arp (1958b) refractor ultraviolet system Cu in parentheses. The silvered 74-inch mirror measures, unheretofore published, have been. transformed 


0 U —B by stars in common with Gascoigne. 


4 Most heavily reddened of the group, it is in the center of the densest part of SMC, far from NGC 371. 


5 Suspected variable. 


6 Very blue, near top of U —B, B—V normal relation and therefore too uncertain a derivation of reddening. 


7 Within approximately one degree of cepheid field and NGC 371. 
® Wolf-Rayet star. 
* Brightest member of SMC, in south following ‘‘extension’’ of SMC. 


plots are nevertheless given in columns 3 and 4 of 
Table X. 

The mean absorption from the amplitude method in 
solumn 2 is [A<B> ap, Jav=0.25 mag. This agrees very 
well with the [A<B> ap, Jay=0.23 and 0.24 mag. de- 
‘ived from the average of the next two columns. Of 
ourse, this zero-point agreement results primarily from 
issuming that the unreddened relation is valid for the 
east absorbed stars in each plot. The more impressive 
esult is the good agreement of the derived absorptions 
or each individual cepheid. This means that, under 
hese assumptions, the method is a very accurate ab- 
sorption indicator. The final adopted absorption is given 
n column 5. It has generally been taken as a mean of 
he preceding three columns. 

It should be pointed out the usual absorption-to- 
eddening ratio determined in our own galaxy for 
Jhotographic magnitudes is: Ez_y=4.0Az. In order to 
btain the reddening we must divide the values in 
olumn 5 by a factor of 4. The errors are reduced by a 
actor 4, and the reddening comes out quite small; it is 
juite accurately known even when compared to the 
nost precise photoelectric or photoelectric-spectroscopic 
echniques of measuring reddening. 

If we assume that there is a dispersionless relation- 
hip between light-curve shape and position in the 
epheid gap, as indicated by the line in Fig. 16, then 
he agreement between the three methods of deter- 


\ 


, 


mining the reddening in Table X shows that the average 
uncertainty of an adopted absorption is about +0.06 
(av. dev.). This means that the average relative uncer- 
tainty of a single reddening determination is +0.015 
mag. Of course we must consider the possibility that 
the whole group of cepheids might suffer somé over-all 
reddening. That is, there might be no ‘“‘unreddened”’ 
cepheids as assumed here. 

That circumstance seems rather unlikely, however, 
in view of SHP II (Arp 1958 b) where it was shown that 
there is no more than about 0.01 mag. reddening be- 
tween us and the SMC. Moreover, the blueness of some 
of the main-sequence stars observed in the present 
cepheid region around NGC 371 indicate that there are 
at least some unreddened stars present. Ten percent 
seems a quite reasonable fraction. Figure 27 shows a 
color-magnitude diagram of 59 stars from the cepheid 
area. The age-zero main sequence reddened by 0.06 
mag. is indicated in the diagram and supports this 
general order of reddening. The regions around the 
present cepheid area (SHP ITI, V, VI, and VII) also 
support the conclusion that some SMC stars are un- 
reddened and that the remainder are no more than 
slightly reddened. 

A completely independent and specific check, how- 
ever, may be obtained on the reddening value just 
found here for the cepheids. Table XT lists all the three- 
color photoelectric data available on the SMC super- 


oO 2 4 6 8 [Ke] 1.2 1.4 1.6 1.6 2.0 
Lop P 


Fic. 17. The period-color relation. The unreddened colors are 
fitted with straight lines in order to derive approximately how 


much redder or bluer a cepheid is than the average cepheid at - 


that period. The group of cepheids between P=10 and 16 days 
which are bluer than the mean are also brighter and have slower 
rates-of-rise to maximum light. B=(B); V=(V). 


giants. By projecting the observed U—B, B—V points 
back along the usual reddening line (Eg_y=0.72Eu_z) 
to terminate at the unreddened luminosity class I 
relation (Arp 1958 f; Johnson 1959) the amount of 
reddening can be derived for each set of observations. 
The last two observers in Table XI used photometric 
systems which admit less of the far ultraviolet than in 
the proper U—B system (Johnson and Morgan 1953). 
The 74-inch silvered reflector measures were empirically 
transformed to U—B by using stars in common with 
Gascoigne’s. Arp’s C,, measures only refer to refractor- 
passed near ultraviolet and the procedure for deriving 
reddening from them is described in SHP II (Arp 
1958 b). Considering the diversity of ultravjolet sys- 
tems involved, the agreement between reddening values 
obtained for individual stars is fairly good, particularly 
between columns 1 and 3. The mean reddening for the 
stars as a group is very closely the same for all the ob- 
servers and their systems. In particular, eight of these 
supergiants are in the same general region as the present 
cepheid area. In Table XI they give an average redden- 
ing of <E>,_y=0.05 mag. This checks remarkably 
well with the reddening of <E>z,_y=0.06 mag. just 
derived from the cepheids. We have, therefore, con- 
siderable confidence that our reddening values derived 
for the cepheids are accurate in an absolute sense. 

It should be noted that the foregoing discussion 
clearly implies that the reddening for the SMC in 
general is at most only 0.01 or 0.02 mag. greater than 
this <E>z,_y=0.05 or 0.06 mag. This is in contra- 
diction to the conclusion of Feast, Thackery, and Wes- 
selink (1958) that the average reddening of the SMC 
(9 stars) is <E>p,_y=0.14 (case B). Their conclusion 
that the SMC stars do not show any metal weakness is 
also in contradiction to the conclusions of the earlier 
papers in this series. In this connection it should be 
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pointed out that diminishing metal content shoul 
cause the metallic lines in a stellar spectrum to weaker 
In general this would cause the star to be assigned a 
earlier spectral type. When this earlier spectral type: 
compared to the observed color, a fictitious reddenin 
would appear. If this circumstance exists in the SM( 
it would solve simultaneously the discrepancies of bot 
metal content and reddening in the conclusions draw 
from the Radcliffe spectroscopic data and the preset 
photometric data. ~ 


19. The Unreddened Cepheid Magnitudes and Colo 


Having derived the adopted values of absorptic 
listed in column 5 of Table X, it is possible to corre 
each individual cepheid for reddening. These unre 
dened magnitudes and colors at mean light are giver 
the last two columns of Table X. 

(a) The Period-Color Relation. Figure 17 shows th 
intrinsic period-color relation for the cepheids observe 
here. It is difficult to be sure of the correct mean rel 
tionship, but the lines have been drawn in Fig. 17 am 
way in order to give an approximate reference relatic 
from which to measure the “blueness” or “redness” | 
a cepheid at a given period. For example, the break : 
P=8 days is not demanded by the points in Fig. | 
but does fit the points a little better than a smoot 
curve. The discrete breaks in the period-amplitude ar 
period-asymmetry relations at this period, of cours 
mean there is no precedent for the relation to be co 
tinuous in the period-color plot. The seven stars b 
tween P= 10 and 16 days, which fall very blue in Fig. ‘ 
and appear to almost form a separate group, are sta 
which are not only bluer than average, but mo 
luminous than average and have light curves with slo 
rates-of-rise. See Sec. 18. The position of these sev 
cepheids in the period-color plot mimics the position, 
Y Oph (Abt 1954; Kraft, to be published) but # 


B(Bmin~ Bmax) 


" AB-Vey 


Fic. 18. The relative amplitude-relative color relation for t 
48 longest period stars in Table XI. Within the estimated scatt 
of the observations (40.05 mag.) the diagram tends to supp‘ 
the conclusion that stars of largest amplitude are of intermediz 
color, whereas stars of smaller amplitude are either redder (t 
paioney) or bluer (about 40% of the group). B=(B); V=(V). 
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plitude of the galactic-system cepheid is much smaller 
n these seven SMC cepheids. 
Mi course, if we difference Eqs. (9) and (15), 


38> = 17.45—2.25 logP (10) 
7> = 17.05—2.47 logP (16) 
3> line << V> 0 0.40-++-0.22 logP 

difference of P—L relation. (11) 


iquation (11), if actually plotted in Fig. 17, does 
resent the best continuous straight line fit to all the 
nts. In order to get the broken line which is drawn 
Fig. 17, and which ignores the group of blue points 
ween logP=1.0 and 1.2, we would require P—L 
itions with discontinuities at logP=0.9 and with 
htly different slopes for periods either longer or 
rter than this. The departures from continuity and 
arity in (10) and (16) which are necessary to give 
broken straight-line fit in Fig. 17, however, are only 
to 0.2 mag. These deviations would be negligible on 
scale of the P—L relations (10) and (16). Never- 
less, if the period-color relation in Fig. 17 actually 
more than one slope and is discontinuous, it implies 
light nonlinearity and discontinuity in the P—L 
tions. 

t is now possible to read the deviation of each cepheid 
m the mean period-color relation of Fig. 17. These 
iduals are listed in the first column of Table XI and 
plotted in Fig. 18. There seems to be.a tendency for 
-cepheids of largest amplitude to have intermediate 
ors—as we expect they should. For the cepheids of 
aller amplitude, the majority of them are redder and 
small remainder are bluer. Figure 18 shows con- 
erable scatter and some of the scatter is undoubtedly 
> to imprecisely determined reddening corrections. 
e error of a reddening estimate, however, is only 
ut +0.015 mag. (Sec. 18). The major source of 
tter in Fig. 18 is, instead, undoubtedly the observa- 
nal accuracy which was estimated in Sec. 12 to be 
).05 in magnitude and hence somewhat more in 
or index. This just about accounts for the scatter in 
. 18. In Fig. 16, of course, the abscissa is compressed 
a factor of four, so the observational errors are 
ch less a proportion of the A<B>. This is why the 
sorption can be determined from the relative ampli- 
le-relative luminosity plot of Fig. 16 and cannot be 
ermined very well from the relative amplitude- 
ative color plot of Fig. 18. 

n its general form Fig. 18 does appear to confirm, 
wever, our earliest results that the amplitude of the 
lables was greatest in the center and diminished 
vards either side of the cepheid gap. One interesting 
nt is that the cepheids with maximum amplitude 
ye A(<B—V>)p_c —0.09 mag. This comes about 
ause the most common type of cepheid here does 
» have maximum amplitude and falls to the red side 
the gap; therefore, the cepheids of maximum ampli- 
le are bluer than average. It might be pointed out 
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ke) 12 14 L6 L8 2.0 


0 2 4 6 38 if 
LOG P 


Fic. 19. The absorption-free period-luminosity relation for only 
cepheids with the largest amplitudes [amplitudes greater than 
A(Bnin—Bmax)=+0.07 in Table IX]. B=(B); (B)o is from 
Table X. 


that even if the position of the cepheid gap in the color- 
magnitude diagram were the same in various galaxies 
and star systems, if the distribution of cepheids within 
the gap were different, the derived mean relations would 
be slightly different. 

(b) The Period-Luminosity Relation. If we plot the 
cepheid magnitudes corrected for reddening, <B> o, we 
will derive a similar relation to the plot of the uncor- 
rected observations shown in Fig. 9. The dispersion will 
only be slightly less because, as we have shown in Sec. 
18, the average reddening, A<sy=0.24 mag., is small 
compared with the intrinsic dispersion in magnitude. 

If we are correct in our conclusion that the cepheids 
near the center of the gap have the largest amplitudes, 
however, then we should obtain for these cepheids alone 
a much narrower period-luminosity relation. Figure 19 
shows the period-luminosity diagram, corrected for 
reddening, for 24 of the cepheids here which have 
the largest relative amplitudes [A(Bnin— Bmax) > 0.07 
mag. |. The largest amplitude cepheids do define the 
narrowest P—L relation. The standard deviation of the 
24 cepheids in Fig. 19 is +0.15 mag. The standard 
deviation of the remaining 38 cepheids of smaller 
amplitude is nearly twice as much: +0.28 mag. 

This last circumstance is a fortunate one from the 
point of view of using cepheids to determine extra- 
galactic distances. In distant galaxies the large ampli- 
tude cepheids will be the easiest to detect and measure. 
If enough such cepehids are available in each system, 
an accuracy of distance determination of -+-0.1 mag. or 
better can easily be obtained. 

As stated in Table XI, the over-all dispersion of all 
62 cepheids from the mean unreddened P—L line is 
+0.24 mag. (standard deviation). For a sample this 
size, the expected range is about 4.6 times the standard 
deviation (Hoel 1947), or the expected range 1.1 mag. 
in <B>. This is just about the width of the P—L rela- 
tion as measured here (0.9 mag. in Sec. 23). We will see 
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Fic. 20. The absorption and reddening corrected eee magnitudes 
and color indices of the cepheids. B=(B); V=(V). 


later how this checks with the derived slope of the con- 
stant period lines and the width of the cepheid gap in 
the color-magnitude diagram. 

The equation of the mean unreddened P—L line in 
Fig. 19 is 


<B> =17.45—2.25 logP, 


corrected for absorption. (10) 


This equation, within the error of drawing the P—L 
line, is exactly the same as the apparent P—L relation 
in Sec. 13 when it is corrected for an average absorption 
of Ag=0.24 mag. The residuals of the reddening cor- 
rected magnitudes from the above unreddened P—L 
relation, that is the intrinsic magnitude dispersions, are 
listed in column 2 of Table XI. 

(c) The Color-Magnitude Relation. The unreddened, 
absorption-free color-magnitude diagram of the present 
cepheids at mean light is shown in Fig. 20. The scatter 
is not very much reduced from the uncorrected plot of 
Fig. 10 because the reddening correction is only 
<E>p_vy=-+0.06 mag. on the average. The increasing 
blueness of the faintest cepheids seems to be accentu- 
ated in the reddening-corrected plot of Fig. 20. Pre- 
sumably this result is due to an accidental rearrange- 
ment of the faintest points and indicates that the mean 
intrinsic color of these faintest stars is uncertain from 
this criterion by as much as A(<B—V>)o=0.1 mag. 
for the cepheids as faint as V=16.5 mag. 


20. The Lines of Constant Period in the 
Color-Magnitude Diagram 


Figure 21 shows the logarithm of the period of each 
cepheid plotted in the unreddened position of that 
cepheid in the color-magnitude diagram. The decimal 


BALLON Vea CAR 


point in logP is plotted at the exact point. Lines h 
been drawn connecting variables which have roug 
the same period but different brightness and co 
No one of these lines is very well defined, but 
slopes of the whole group of eight are analyzed 
Table XII. It turns out that the mean slope of the li 
of constant period in the color-magnitude diagram 
be determined with reasonable accuracy andis {| 


A(<B—V>)o/A<V>o| p-const=0.68-£0.10. / 


Because the réddening lines are so close in slope to | 
line, any errors in the computed reddening of tl 
points will have negligible effect on the derived sl 
of the constant period lines. 

The slope observed here for the SMC cepheid: 
quite discordant with the slope of 0.23 computed 
the basis of P,/p=const for the galactic cephe 
(Sandage 1958). In order to discover the possible rea 
for this difference, we note that if cepheids obey 
Px/p=const law generally valid for vibrating syste 
this leads to a functional relation between Period ( 
Mass (91), effective temperature (7 .), and bolomt 
magnitude (Mjo1): 


NC 
logP+3 log—-+0.3M1—0.3M 4010 
BI (Ao) 


T. 
+3 log—=logQ. ( 
ea T.o 
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Fic. 21. The place of cepheids of different period in the intri1 
color-magnitude diagram. Log periods are plotted with the deci: 
point of the logarithm marking the position of the cepheid in 
diagram. Lines connecting cepheids of roughly the same per 
are indicated. These lines are averaged in Table XII. B=( 
V=(YV). 
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e period, of course, is most sensitive to the tempera- 
e, and the temperature can only be estimated by 
ans of unreddened color indices. Therefore, the most 
cial relation which enters the computed dependence 
seriod on color is the color index-effective tempera- 
e scale. The points in Fig. 22 show the plot of T, 
ermined by Keenan and Morgan (1951) against 
-V colors determined by Johnson (see Arp 1959 f, 
33). Sandage fitted the points in Fig. 22 with the 
tion 

T-=3.969—0.318(B—V) 0.9>B—V>0.3, (13) 


| substitution in (12) along with assumed relations 
other quantities, 


A(<B-V>)p 
| =0,23. 


14 
AVo 


P=const 


secause of this large discrepancy between the ob- 
ved and computed slopes of the constant-period 
S, we now turn the question around and ask: What 
—V)o, logT. relation would the SMC cepheids re- 
re in order to predict the observed slope of the lines 
constant period. At the same time we introduce a 
nement over the original calculation by allowing for 
horizontal evolution. 

a) Nonhorizontal Evolution. The cepheids in the 
C do not appear to evolve horizontally through the 
yas the RR Lyrae cepheids appear to, and as the 
actic cepheids are assumed to. Two clusters in the 
C, NGC 458 and 330, seem to indicate cepheid 
lution along a path A<V > 9=1/0.68A(<B—V>)o 
ATA(<B—V>)po. See Fig. 28 and Sec. 26. If we 
ume that a cepheid loses no mass in its passage 
ough the gap, then we can account for its diminished 
unosity in Sandage’s assumed constant (with B—V) 
ss-luminosity relation by substituting _ 


Moor =Myort1.47(<B—V>)+const. (15) 


is correction when substituted in (12), and using 
) again, yields 
<B-—V>)o 

a =0.38, using nonhorizontal 
AVo 


P=const 


evolution and (13). (14a) 


sLE XII. Empirical determination of the slope of the constant- 
period lines in the color-magnitude diagram. 


Mean log Slope for P=const 
period [A(<B>—<V>)/A<V>o] 
1.46 0.34 
123 0.65 
si be 0.69 
0.79 0.63 
0.68 1.26 
0.63 0.71 
0.43 0.55 
0.37 0.60 


Av. slope=0.68+0.10 
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Fic. 22. Effective temperature-color index relation. Points 
represent JT. determinations by Keenan and Morgan (1951). 
Circles are luminosity class V; triangles, luminosity class ITI; 
and crosses, luminosity class I. The full line shows the relation 
necessary to predict the observed slope of the lines of constant 
period of the SMC cepheids. 


This value is still far from the observed 0.68, so we 
proceed to calculate the B—V, logT, dependence needed 
to produce constant-period lines of this slope. The 
relation turns out to be 


logT.=const—0.12(B—V)_ required to give constant- 
period line slope of 0.68. 


(13a) 


This is computed with the same bolometric correc- 
tions as a function of B—V as Sandage used, that is, 
Kuiper’s bolometric corrections for main-sequence stars. 
It also includes the correction for nonhorizontal 
evolution. 

Can this logT., B—V relation be the correct one for 
the present cepheids? The slope of the required relation 
is drawn in Fig. 22. Obviously the Keenan-Morgan 
points violate this slope for all luminosity classes. There 
have been indications, however, that the log7T., B—V 
relation for galactic supergiants may be shallower than 
indicated by Keenan and Morgan (Kraft, to be pub- 
lished; Kraft e¢ al. 1959). Most recently, Oke (un- 
published) has made spectral scans of » Aql and com- 
puted models which will give his observed fluxes. 
Those model T,’s give a slope of 0.14 for the B—V 
dependence on log T,, 


logT.=const—0.14(B—V) ; 
Kraft and Oke for 7 Aql. (13b) 


Considering that there are still uncertainties in the 
bolometric corrections for these cepheids as a function 
of B—V, the agreement with (13a) is good. Put another 
way, the use of (13b) in (12) predicts 


A(<B—V>)o ; 
a =0,.60, using nonhorizontal 
AVo P=const 
evolution and (13b), and Oke-Kraft bolometric 


corrections (unpublished). (14b) 
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Fic. 23. Cepheid domain in the color-magnitude diagram 
(heavy lines). The lighter central line represents the average 
place of the cepheids. The direction which reddening moves a 
cepheid in the diagram is shown and the observed slope of a line 
of constant period is also illustrated. B=(B); V=(V). 


This computed slope of 0.60 now lies within the error 
of determination of the observed slope here (0.16-L0.10). 
It should be borne in mind, however, that the two slopes 
should not necessarily agree. Along with other differ- 
ences it is possible that the logT., B—V relation is 
different in the SMC than it is in our own galaxy. 
Differences in chemical composition, for example, could 
affect the SMC colors through line blanketing or elec- 
tron pressure. 


21. The Dispersion About the Mean P—L Relation. 


We proceed to test the numerical value of the slope 
of the lines of constant period-in the color-magnitude 
diagram which we just derived. To do that we refer to 
Fig. 23. The heavy lines represent the boundaries of the 
cepheid domain from Fig. 20 and the central line repre- 
sents the locus of the mean of the cepheids from the 
same figure. The line labeled P=constant has the 
slope just derived in Sec. 20. A cepheid falling some- 
where in this domain falls on some line of constant 
period. It has a lower than average luminosity if it 
falls to the right of the central line. That is, the average 
star of this period is bluer and brighter; therefore, this 
star would have a faintward dispersion from the P—L 
relation. The cepheids on the edge of the domain in the 
color-magnitude diagram define the maximum disper- 
sion from the P—L relation. Since the whole domain of 
Fig. 23 is more or less filled with cepheid points, the 
slope of the constant-period lines and the boundaries of the 
cepheid domain in the color-magnitude diagram alone 
determine the width of the P—L relation. 


HA LO Ny 1G a 
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The P—L relation for visual magnitudes was ¢ 
structed. This P—L relation has the equation 


<V>o=17.05—2.47 logP. ( 


Residuals from this line were determined and they 
listed in the 4th column of Table XIII. These residt 
from the visual P—L relation are plotted as poi 
Fig. 24. The predicted outer envelope of these residt 
is drawn in. The fit is very good except for a few of 
faintest cepheids where the original measures or redd 
ing corrections are uncertain. % 
We see that, given the observed cepheid dom 
which is outlined i in Fig. 23, the envelope of the | 
persion is determined by the slope of the consta 
period lines. If the slope were steeper, then the | 
dicted dispersion from the P—L line would be grea 
If the slope were less, the predicted dispersion would 
less. The fact that the envelope of the predicted | 
persion fits the points so well gives a numerical ch 
on the derived slope of the constant-period lines as 5 
as the entire analysis to this point. i 
22. The Correlation Between Deviations from the M 
P—L Relation and Deviations from the Mean 
Color-Magnitude Relation 


It is perfectly clear from the 6th and 7th cola 
Table VIIthat the cepheids which fall faintward ft 
the P—L relation actually are redder than aver 
and the cepheids which are brighter are bluer. Colum 
of Table VII measures the amount each cepheid is’ 
placed (along a reddening line, Ay=3.0Ezs_y) 


'<B—V> from the mean apparent color-magniti 


relation drawn in Fig. 10. These residuals are plot 
in Fig. 25 against residuals from the P—L line. | 
ferring to Fig. 23, it is seen that, if the cepheids w 


“ 


13 14 1S 16 17 
Vo 


Fic. 24. Dispersion from the mean, visual P—L relation. ‘ 
values of the residuals which are plotted are from column +‘ 
Table XIII. The envelope of this dispersion, as predicted from 
slope of the lines of constant period and the domain of the ceph 
in the color-magnitude diagram, is shown by the straight line 
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INTRINSIC 


A(B-V) 


Fic. 25. The relation between how much brighter or fainter a 
cepheid is than the mean P—L relation (A<B>) and how much 
redder or bluer it is than the mean color-magnitude relation 
[A(<B>—<V>), measured along a reddening line]. The in- 
trinsic relation, from the effect of the finite cepheid domain on the 
P.x/p=const relation, is shown. The normal reddening relation 
in our own Galaxy, Ag=4.0/,_y, is shown to have very closely 
the same slope. B=(B); V=(V). 


unreddened, for P=const, 


oe V>)0=0.68A <V > 0=0.405A <B> , 
P=const. 


(17) 


This is called the intrinsic line and plotted in Fig. 25 
(allowing for a 0.880.405 contraction because the 
A(<B—V>)’s are measured along a reddening line 
rather than a P=const line). 

It is seen that the intrinsic line and reddening line 
are so close in slope that it would be impossible to use 
the cepheid colors to determine reddening in a practical 
case. These color and magnitude residuals, however, are 
capable of confirming our previous analysis of the 
reddening and also our previously derived value of the 
slope of the P=const lines. 

First notice that the observed points in Fig. 25 
generally follow the intrinsic line and only the cepheids 
which fall the farthest below the P—L relation (large 
A<B>) approach the slope of the reddening line. This 
confirms our previous conclusion that most of the spread 
in color and magnitude of these SMC cepheids is in- 
trinsic. At the same time, it tends also to confirm our 
previous derivation of a small but definite amount of 
reddening. 

Directly below, in Fig. 26, the same plot is given with 
unreddened quantities. The A<B> ’s are residuals of 
cepheids corrected for reddening from the unreddened 
P—L relation; the A(<B—V>))’s are residuals of 
cepheids corrected for reddening from the mean un- 
reddened color-magnitude line (this time measured 
along a line of P=const). These quantities are from the 
3rd and Sth columns of Table XIII. The reddening- 
corrected plot of Fig. 26 reduces the spread of Fig. 25 
only slightly because the reddening is not large, but 
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now the points fit the predicted intrinsic line qui 
exactly. -t 
Again this checks the whole analysis based on { 
lines of constant period in the color-magnitude dia Z 
and the quantitative consistency of the redd 
values with the derived intrinsic values of the sle 
of P=const. 


23. The Width of the P—L Relation and | : 
imine Domain 4 


Fig. 26, onto the two coordinate axes. Projected or), 
the (<Be V>)o axis, the distribution of points 
a width of the cepheid gap in the color-magnitud 


may narrow down at some magnitude levels, but } 
general this figure represents very well the obsery 
width of the gap. 4 

Projected along the A<B>po axis, the distributit 
gives a width for the ge L relation of A<B>o 7H 
puted from the standard deviation of the cepheil 
about the mean P—L relation. a 


24. SMC Cepheids with Periods near One Day ~ 
-. anda Test for Overtones | 


modes than the average, then they would have a sho t 
than average period at a given luminosity, and hen 
would fall too bright with respect to the P—L relatio: 
They would not be blue, and hence overluminous mere! 
because they were denser than average for their perio 
If we take a factor of 2 for an example of such an ove 


INTRINSIC 


Vic. 26. Sameas Fig. 25 above except all pe are plotted ni 
corrected for reddening. The A(<B>—<V>)’s are now mez 
ured along a line of constant period. The small trailing out alo 
the reddening line in Fig. 25 is now absent, and within the scatter 
the points the cepheids fit exactly the predicted intrinsic rela asl 
An overtone line, using P/2 as an example, is drawn as a di 
line to illustrate how the plot is used to test for prea 
higher modal variation in the sample of cepheids. B= (B); V= (I 


| 4 

le ratio of periods, then 2.25 log2=0.68 mag. is the 
ount brighter that these cepheids would be than 
‘rage cepheids in the lower mode. This line which 
higher overtone cepheids would occupy is drawn 
shed in Fig. 26. 

nly one of the present cepheids is indicated to be 
sating near a higher mode. This is the shortest 


ee variable HV 11197. It falls 0.7 mag. brighter 
in the mean P—L relation but is not very much 
ter than other cepheids of the same brightness. 

(There appears to be a class of objects like this in 


: SMC. Several were reported by Dartayet and 
ndi Dessy (1952) and also by C. P. Gaposchkin 
958). These cepheids have periods near one day and 
} nearly a magnitude brighter than the P—L rela- 
‘n extrapolated to this period. The existence of this 
up, whose periods overlap the periods which we 
mally think of as RR Lyrae stars, was always 
zaling. Their falling above the mean P—L relation 
about B=17 raised questions as to whether they 
‘re bona fide members of the SMC since they could 
): be tolerated as RR Lyrae stars after revision of the 
stance scale by Baade (1953). 

Work at Cordoba (Landi Dessy 1959), however, has 
ies indicated that the group unquestionably belongs 
the SMC. The place of HV 11192 in Fig. 26 indicates 
at it is varying in a higher mode—roughly half the 
riod of the brighter variables. Although this star has 
e shortest period of any observed here, it is by no 
eans the faintest, and so the photometry is quite 
liable. The place of HV 11192 in Fig. 21 (logP=0.30) 
dicates it is not very different in color or magnitude 
an some of the other stars around it; therefore, the 
fference by about a factor of 2 in period of HV 11192 
mpared to these other cepheids suggests strongly that 
is vibrating in a higher mode. At the same time, 
V 11192 and the few cepheids of about the same color 
id magnitude outline the bluest faint edge of the 
pheid domain. It is reasonable to suppose that the 
ean physical conditions must change somehow to 
duce the onset of a higher mode. The results here 
ggest that it is this faint blue region of the color- 
agnitude diagram where the transition to the different 
sical conditions which produce higher modes takes 
ace, 

Tf this one star studied here, HV 11192, is repre- 
ntative of the group discovered by Detarayet and 
indi Dessy, then the interpretation of this long 
zzling group is simply that they are varying in 
gher modes. The Detarayet-Dessy group of variables 
muld bear the same relation to the rest of the SMC 
pheids as in our own Galaxy the c-type RR Lyraes 
ar to the a- and b-type RR Lyraes. (The cepheid 
es not have a particularly small amplitude for its 
riod—see Figs. 11 and 13—but it does have a very 
jal] amplitude for its magnitude, again in analogy 
th RR Lyrae c types.) 
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Fic. 27. The color-magnitude diagram for nonvariable stars in 
the cepheid field. The stars are sequence stars from Tables I and 
II plus miscellaneous unpublished measures. The age-zero main 
sequence is shown reddened by Hz-y=0.06 mag. The cepheid 
domain is shown for the same amount of reddening, that is, as the 
domain is observed. 


25. Nonvariable Stars in the Same Field as 
the Cepheids 


Figure 27 shows the place in the color-magnitude dia- 
gram of the sequence stars listed in Tables I and II, 
plus some additional (unpublished) measures of stars 
in the region covered by Plate I. The full line on the 
left represents the age-zero main sequence (Sandage 
1957) reddened by the <E>,_y=0.06 mag. found for 
the cepheids in this field. The region in which the 
cepheids are here observed is also drawn in with the 
same reddening and absorption (that is, as it is 
observed). 

Of course, Fig. 27 contains stars of differing ages. 
To outline the cepheid region by nonvariable stars, it is 
better to turn to individual clusters, such as NGC 458 
(Arp 1959 a) and NGC 330 (Arp 1959 b) where non- 
variable stars of the same age outline the gap more 
precisely at a given magnitude level. Nevertheless, 
Fig. 27 shows the general exclusion of nonvariable stars 
from the region of cepheid variability. It should be re- 
membered when analyzing Fig. 27 that <E>s_vy=0.06 
mag. is only an average reddening. An occasional star 
(estimated 10% in Sec. 18) may be bluer by 0.06 mag. 
than the average place of the regional lines. Also, an 
occasional star may be shifted far to the right by redden- 
ing. In general, however, the fit of the age-zero main 
sequence and the observed cepheid domain to the 
nonvariable stars in the field shows 


(1) The conclusions about the reddening of the 
cepheids are essentially correct; 

(2) The stars in the cepheid field are generally similar 
to the kind of stars observed in the young SMC clusters, 
e.g., NGC 458 and NGC 330; 

(3) There is a large population of evolved super- 
giants relative to main-sequence stars. This was also 
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Fic. 28. The evolved giants in the color-magnitude diagrams 
of NGC 330 and NGC 458. The observed P=const lines drawn 
in the gap coincide very closely with the suggested path of cepheid 
evolution. If no mass loss takes place, this implies that the cepheids 
evolve along a line of constant radius. The surface gravity and 
density are also constant along this path. 


observed in the young clusters and quantitatively ex- 
plains the impression of a ratio of cepheids to main- 
sequence stars that is large compared to our own 
galaxy. 


26. Evolution of Cepheids in the Color- 
Magnitude Diagram 


Because giant stars older than the Schénberg- 
Chandrasekhar limit evolve so fast relative to slightly 
fainter stars, the sequence they define in the color- 
magnitude diagram is customarily taken as defining an 
approximate evolutionary track. The galactic clusters 
which contain cepheids and evolved giants (Arp 1958 e; 
Arp, Sandage, and Stephens 1959) indicate roughly 
horizontal evolution for the cepheids between the red 
and blue giants. In the absence of further data, hori- 
zontal evolution has been assumed (Sandage 1958). 
The clusters in the SMC indicate nonhorizontal evolu- 
tion for the cepheids. The difference in the evolutionary 
tracks between the two galaxies is probably real, but 
clusters in our own galaxy might simply contain too 
few evolved giants to show the nonhorizontal evolution. 

The two young clusters in the SMC, NGC 458 and 
NGC 330 (SHP VI and VII), however, contain enough 
giants to define the cepheid gap well and to suggest a 
possible path of evolution through the gap. The data 
are shown in Fig. 28. The empirically determined con- 
stant-period lines, as derived in Sec. 20, have been 
drawn in. The suggested straight line path of cepheid 
evolution from the blue side of the gap to the red side of the 
gap is very close to a period-equals-constant line. 

Now of course, if the cepheids evolve along this line 
it may be for reasons which have only to do with their 
interior and coincidence with a P=const line might be 
completely accidental. On the other hand, the agree- 
ment is so exact that it suggests that we may be dis- 
covering a significant clue to the nature of the pulsation. 


HAT ONS ie ARO 
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If there is no mass loss as the cepheid evolves throu 
the gap, then this period equals constant line is al 
line of constant density, a line of constant suf 
gravity, and a line of constant radius. P 
If the cepheid wanted to evolve horizontally ae 
the gap and instead was constrained to decrease 
brightness along the P=const line shown, then a mé 
loss of from 18% for NGC 330 to 11% for NGC 4} 
would be required (from the mass-luminosity | 
The decrease in brightness in (12) however woul id 
mostly compensated for by the change in temperatul 
across the gap. In that case, the logQ’s would have 
change very little to keep the period constant acre 
the gap. 4 
Of course mass loss would cause a disagreement b} 
tween the observed slope of the constant-period lin} 
and the slope computed from (12) on the assumption | 
constant mass. Although there is no evidence again 
mass loss in the cepheid stage, there is also no obse: 
tional evidence that would suggest it. This consi 
tion, therefore, does not seem very promising at presé 
Probably a more direct approach would be to calcu ila 
models evolving through the cepheid zone and de 
mine whether they would naturally follow the ps t 
suggested by the present observations. 


nee 


27. Period Changes 


Period changes have been determined for a number¢ 
cepheids (see summary by Parenago, 1956). Bec 
many of these individual cepheids show periods w 
sometimes decrease and sometimes increase, it has bee 
generally concluded that these period changes ar 
irregular perturbations and not secular variations (se 
Ledoux and Walraven 1958, p. 381). It would be ¢ 
great interest to measure secular variations in th 
periods of cepheids of course, because, depending on th 
evolutionary track, the secular changes would bee 
measure of the direction and speed of evolution thr 
the gap. 

To be specific, whether a cepheid lengthénail 
shortens its period as it evolves through the gap ¢ 
pends only on whether it evolves less steeply or mot 
steeply than a P=const line. Figure 28 shows that i 
the SMC the P=const line is so close to the line - 
inferred evolution that there is no way to pred 
whether the SMC cepheids should increase or decrea 
their periods. Of course, the closer the cepheid evolv 
along the P=const line, the less will be its peri¢ 
change. 

Now, the observations of the present group Fe S) 
cepheids show some period changes which appear to | 


, Significant relative to their errors of determination. ] 


order to derive period changes, the periods determin 
in the present investigation (last column of Table I 
were compared to the periods determined by the earli 
Harvard workers, primarily as given in Harvard Ci 
439 and 444. Mrs. Virginia McKibben Nail kindly e: 


ned the available Harvard record books to check the 
Jods given in Table IV. She notes some corrections 
"he listed periods and additional significant figures in 
5 e other periods for the material derived by Craige in 
vard Circ. 444. These corrections and additions have 
been included in Table IV, but they are minor, and 
lle IV seems generally to be the best representation 
jhe available data on these periods. The amount of 
sod change was divided by the period and the result- 
| eae period change plotted against logP in 
; 


3. The error in the derived period ehenge was 
sn as equal to the error in the determination of the 
| period. 
| or periods shorter than about logP=1.2 it is seen 
Et) about 30% of the cepheids show period changes 
‘ch are large compared to their errors of determina- 
i. Excluding three very large period changes which 
, outside the boundaries of the diagram, most of the 
‘Wificant period changes are negative. 

‘no a number of stars, all of the same kind, we would 
sect the short-term perturbations to average out 
'm the group as a whole is considered. Any significant 

‘dual change left would have to be considered an 
a. secular change for the stars in the group. The 
st thorough investigation along these lines was by 
"serene (1952) for RR Lyrae stars in M3. There it 
ined out that about as many variables were shorten- 
ee periods as were lengthening them. Apparently 
| aa term was too small to detect. The present 
‘up of cepheids, however, is brighter and presumably 
ir evolution through the gap is faster than for the 
| Lyrae stars, so the secular term to be detected may 
‘considerably longer. 
Che average decrease in period for the cepheids which 

here observed to be decreasing their periods is 
vut —0.4% in the time between the Harvard and the 
|) period determinations (taken as roughly 40 years). 
is means period changes of 100% in the order of 104 
nd Now NGC 330 has stars about as bright as in 
nd x Per in our own galaxy. This indicates its age 
if the order of 10° to 107 years. If we take the linear 
isity of a sequence in the color-magnitude diagram 
be roughly indicative of the time spent in a given 
ion, then we might estimate the time scale of the 
ilving giants to be an order of magnitude less than 
age of the cluster. Perhaps the number of cepheids 
ily one variable known in each of NGC 330 and 458), 
1 hence the time spent in the cepheid gap, is down 
yther factor of 10. Therefore, on a very approximate 
ler of magnitude calculation we expect 10* or 10° 
its for a cepheid to cross the gap in NGC 330. This 
sht be considered within the range of our extrapolated 
‘iod changes, 100% in 10‘ years. Unfortunately, if the 
yheids take anything like the evolutionary path sug- 
ited by Fig. 28, their total period change through the 
> would be less than 100%. Perhaps the cepheids 
dlve more vertically through the central regions (the 
servable, large amplitude regions) of the gap. An- 
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Fic. 29. Period changes. The percentage of period change over 
an interval of about 40 years is plotted against logP. The Harvard 
periods are considered accurate and the estimated probable errors 
are taken equal to those of the determination by Arp. 


other possibility is that the largest decreasing periods 
represent cepheids on the way back from the red-giant 
stage. Here we would expect their evolution to be faster 
and they would tend to cut the P=const lines per- 
pendicularly. The magnitude and direction of the ob- 
served period decrease would then be quite comfortable, 
but it would be hard to concede that as many as 25% 
of the cepheids here were on the return evolution path 
from the red-giant stage. 

Therefore, there seems to be no satisfactory inter- 
pretation of the observed period changes at present. 
The fact that period changes which appear to be real are 
showing up, however, should spur efforts to more 
accurately determine these period changes. Particularly 
the periods longer than logP=1.2 could easily be deter- 
mined with enough accuracy to plot in Fig. 29. For 
these longer periods the period changes are expected to 
be, and observed to be, even faster (e.g., Oosterhoff 
1959, notes a 48-day cepheid in the LMC that has 
AP/P=+2%/100 years). 


ACKNOWLEDGMENTS 


The realization of this lengthy project of photometric 
research on the SMC was made possible through funds 
granted by the National Science Foundation and ad- 
ministered by Indiana University. Crucial contributions 
to the project were made by too many people to thank 
fully. In the beginning, however, encouragement by 
Greenstein, administration by Edmondson, and tech- 
nical assistance by H. L. Johnson were particularly im- 
portant. Later, continuing aid by Stoy and his staff at 
the Royal Observatory, and Thackery and his staff at 
the Radcliffe Observatory enabled completion of the 
observations. The observations were analyzed with the 
aid of the research facilities of Indiana University and 
finally the facilities of Mount Wilson and Palomar 
Observatories. 


444 


Note added in manuscript. Working with the present 
data, R. P. Kraft has shown that there are non-negligible 
differences between <B>—<V> and <B—V>. 
Values of <B—V> average around 0.05 mag. redder 
than <B>—<V> and the differences are largest for 
the largest amplitude light curves. Kraft derives 


A<B-—V> 
AV) 


=0.49-+0.12 


P=const 


for the slope of the constant period lines from this 
slightly different treatment of the present data. Which, 
if any, of the various ways of deriving a mean color 
index is physically significant will be investigated in 
future papers. But it should be noted that the relations 
involving mean color indices in this paper can be 
changed somewhat depending on how the mean is taken. 
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The variable proper motion of Lalande 21185 was discovered in 1941 from plates taken with the 24-inch 
Sproul telescope. Measurements and reductions of the plates over the interval 1912-1959 yield +0”399 
=£0"002 for the relative parallax and indicate a period of 80-403 with 0”0336-+0"0024 for the value of the 
semi-axis major of the photocentric orbit. Assuming a mass for the primary, appropriate for a dM2 star, a 
mass of the order of 0.01 © is found for the unseen companion. 


INTRODUCTION 


ALANDE 21185, BD+36°2147, (10557™9 
+36°38’, 1900) vis. mag. 7.46 spectrum M2V, at a 
ince of 8.1 light-years, is an astrometric binary with 
riod of 8 years. The system has a space velocity of 
km/sec. From the plates taken with the Sproul 
ich refractor, variable proper motion was dis- 
red by Land in 1941 and announced by van de 
yp (1944). Due to the small amplitude of only 
, a long time elapsed before the proper period could 
ssigned to the perturbation. The current investi- 
m includes the material from 1912-1914 (Miller 
), 1921-1926 (Pitman 1928), and 1912-1940 (Land 
), and supersedes the former results for parallax 
proper motion. 


MATERIAL AND MEASURES 


ie procedure described in previous Sproul papers 
een followed (van de Kamp and Lippincott 1949). 
material includes 3591 exposures on 955 plates 
n on 315 nights, resulting in a total weight 783. 
material is summarized by two early normal points 
yearly means from 1938 on, given in Table I. The 
lar exposure time from 1912-1926 was 15 min, 
~38: 9 min, 1939-41: 2 min, 1942-45: 1¢ min, 1946 
min. The dependences and their yearly changes are 
2 in Table II, which also includes the standard 
ie and the position for Lal 21185 in 1940.00. The 
tra of the reference stars were kindly furnished by 
otsky. The image of Lal 21185 was reduced to 
nitude 10.9 by the use of a rotating sector with 4.4% 
ing, thus providing close magnitude compensation 
the three reference stars. 

1e measurements used in the current investigation 
» been made over the time interval 1937-1959 by 
following persons on the Gaertner machine: 
thy Allen, Julie E. Damkoehler, Marion Heaney, 
dida Kranold, Gustav Land, Sarah L. Lippincott, 
y A. Mateer, John Merrill, Jr., Jane Piper, E. 
ther Reuning, Nancy G. Roman, Sara M. Smith, 
Aa. Strand, Marion E. Wolff, and Richard D. 
man. Two thirds of the plates have been measured 
he author. Approximately half of the plates have 
-measured twice, some three times. When addi- 
il years were measured, an earlier selection of 


plates consisting of four or five consecutive nights were 
remeasured in order to check the constancy of the 
machine-measurer combination. In all cases averages 
have been used with no increase in plate weight. 


PRELIMINARY REDUCTIONS 


The solution for parallax and proper motion in x and 
y from 1912-1940 (Land 1942) provided the basis for 
the ephemerides until the current solution was made. 
The color equation amounts to y,=+0™70013, yz2 
=+07."0003 and yy=+0"70018 (Lippincott 1957). 
Graphical attempts at finding an orbit which satisfied 
Kepler motion and represented the perturbed proper 
motion led to a period of 1714 (van de Kamp and 
Lippincott 1951). The true value of the period was 
obscured for a long time due to the inherent errors of 
the same magnitude as the amplitude of the perturba- 


TaBLe I. Normal points of residuals. 


orbital 
motion in 
gg, % ay Vz vy 
unit unit unit 
Epoch In Zp 0.000imm 0.000imm _ .0001 mm 
1913.20 16 16 +55 —41 —18 0 —3 —2 
PRON be AL HUE 22 146 +3 42 +10 + 3 
38.20 76 8 0 0 —13 +2 0 —2 
39.15 ie aS) 0 0 +3 42 +3 -—-7 
AOXOO) 11,7425 0 QO +14 0 —3 -1 
ATE L Salsa 405: 0 0 +14 -3 +6 +3 
ADE S0) align 32 0 0 +4 -4 —-13 —5 
43.26 5 13 +1 -1 —6 -4 —-18 +10 
4215 e250 SO 1 1 —14 -2 —-3 +4 
45.25 14 40 2 1 —18 0 —-2 —3 
46.18 O26. etn oe 2 —14 42 +3 45 
ATED Sil Sua AS 4 3 +3 +2 —14 +3 
48.09 34 84 5 4 +14 0 +6 —7 
49°12) 15° 41 6 5 +14 -—3 0 +5 
SOMO Rom ro 8 6 +4 -4 49 0 
51.12 14 40 +10 —7 —4 -4 +13 +3 
So ASeeads, | 28 11 8 —-13 —-2 +6 —3 
53.143 165, 46 13 10 —18 0 —2 —13 
BA a1 5 ee OO 15 11 —15 42 +8 +412 
SAN eG Whey 18 13 +2 +42 —-2 +8 
56.16 8 22 +20 -15 +414 0 0 —4 
57.19 GameLLo 23 17 +14 —3 —-15 +7 
58.27 ON, 219 26 19 +4 -4 —3 —10 
59.17 he Al 28 21 —6 -4 -12 +6 
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TABLE II. Reference system. j 
Standard frame Dep. relative 

No. Mopy Sp. a Ys 1940 AD/yr Be By 
1 ilps) KO — 49.69 35.) +0.2149 +0 .00287 +0015 —0"06 
2 10.9 GO —30.93 +47.43 0.4011 —0.00308 +0.017 +0.01 
3 1065 F8 +80.62 —12.13 0.3840 +0.00021 —0.032 —0.00 

Lal 21185 (10.9) M2 + 7.87 + 6.76 

=" 


tion. It now seems clear that the period is close to eight 
years. The plane of the orbit of the unseen companion 
is inclined close to 90° and is nearly parallel to the right 
ascension coordinate. The perturbation, therefore, 
exhibits itself primarily in right ascension which 
contributed to the delay in the proper recognition of 
the period. Normal point remainders provide no 
distinction between P=7°8 and 8%5 as to fitness after 
adjustments to the proper motion and the introduction 
of a term for secular acceleration. 

There is no doubt as to the necessity for a quadratic 
term over the interval 1912-1959. Although Lal 21185 
has little proper motion in right ascension, the proper 
motions of the reference stars cause a spurious accelera- 
tion (van de Kamp 1951). Accurate proper motions for 
the reference stars are not available; the field is not rich 
in stars, and the system of three reference stars used 
represents one of the largest configurations on the 


TABLE III. Secular acceleration. 


x y 
perspective acceleration —0%00002 # —0"00017 ? 
—1.024X10~§ pV? 
spurious acceleration +0 .00002 +0 .00008 
—[AD]}? 

Total expected effect on 0.00000 —0'.00009 
observations 
g from least-squares solution -+0.00014 —0.00011 
1(pe.) + 1 (p.e.) 


TABLE IV. Results of solutions in x and in y. 


Orbital elements 


I Il p.e. 
Cz +7.848845 +7.848728 mm 
Mex —0.030190 —0.030182 0.000011 
Ix -+0.0000077 -++0.0000072 =0 .0000006 
Tx -+0.02099 -++0.02100 0.00015 
Cy +6.766978 +6. 766938 
My —0.250545 —0.250544 0.000008 
Ww —0.0000057 —0.0000058 =£0 .0000005 
Ty +0.02176 +0.02176 0.00022 
(B) -+0.000468 +0 .000362 +0 .000123 
(G) +0.001671 +0 .001636 0.000129 
(A) +0 .000332 +0 .000323 =£0 .000090 
(F) —0.000163 —0.000140 0.000096 
Dende 0.00235 
p.e. ly +0.00169 
a 0.00375565 0.00375680 
[ pv? 0.00195265 0.00199617 


Sproul program. An attempt was made to deter 
the relative proper motions of the reference stars fr 
long-exposure plate taken with the Sproul 24 
refractor in 1912 and one in 1959 where 14 field” 
were measured. Reference stars 1 and 3 neverth 
are so near the edge of the plate that the determina 
of their positions and hence motions are extrapolat 
The resulting relative proper motions in Table 1 
given with reservation. The expected effect on 
observations is summarized in Table II. 


LEAST-SQUARES SOLUTION 


The conditional equations for the least-squ 
solution are 


Rz=Acz+Apat+qel+ (B)at+ @y+AmPa, 
Ry= Act Ault qub+ (A)at (F)yt+ Anke, 


where ¢ is counted from 1940.0000; Rz, Ry are 
remainders from the ephemeris computed from 
1940 solution; q is the value for the acceleration. 
geometric elements, (B) (A) (G) and (F) are 
Thiele-Innes constants multiplied by —a/a. 1 
yield the scale a of the photocentric orbit. Two se 
elements were considered: 


I P=8%0, T=1939.3, 
Il P=8"2, T=1939.0, 


resulting in two sets of elliptic rectangular coordir 
x, y, for use in the conditional equations. Solutions’ 
made on an IBM 650 electronic computer from the 
weighted nightly means in x and in y, using both se 
orbital elements. The values in Table IV were for 
the scale factor for the 24-inch Sproul refracte 
1 mm=18"87. The solution using orbital elemen 
is adopted, keeping the other in reserve for pos 
use in the future. Normal points of the night resid 
are given in Table I. Figures 1 and 2 show the noi 
points plotted with respect to the orbital motion an 
the quadratic term effect. 

A combined solution in « and y for parallax was n 
with the results shown in Table V. 


e=0.30 
e=0.20, 


PARALLAX 


The weight of the combined solution in x and in ‘ 
parallax is 322.40 yielding +070020 for the fot 
probable error. ; 
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1G. 1. Lalande 21185. Mean residuals from solution for pu, g, 7 represented by Kepler motion, P=8¥0, T=1939.3, e=.30. 


ande 21185 is well placed with respect to the 
ic to give an accurate parallax in declination from 
present accumulation of data: m=-+0"%4106 
042 (p.e.) ; ta— m= —0""00077 = — 0701407005 
. This difference is disappointingly large in view 
- probable errors for r from the x and y solutions. 
nber of sources of error play a role in the parallax 
mination in « from which the y coordinate is free. 
near correlation of the parallax factors in right 
sion with the time of the night has long been a 
m of parallax observers. The spread of the 
nce configuration in x is very large shown by 
99 cm?, [y?]=36 cm? (Lippincott 1957) which 
ibtedly contributes to the large size of the probable 
of unit weight in x and may well have introduced 
natic errors into the parallax determination in 
ascension. 

ently we have become aware that the parallax 
ninations in right ascension at the Sproul Observa- 
we subject to systematic errors depending on the 
ular years of the observations (Lippincott 1957). 
ential parallax solutions grouped biennially were 
from the night residuals from the above full 
on in w and in y. The resulting differential parallax 
tions are given in Table VI with the time intervals 
im of the night weights. The probable errors are 
ited from the weights of the parallax given for 
solution combined with the probable errors of 
eight obtained from the separate « and y solutions 


X 


F005 


-.002 
2. Lalande 21185. Observed 
ation after allowing for y, 7, 


oital motion. +.002 


for the six variables. The formal probable error from 
the parallax solution in x must be regarded as spuriously 
low. No satisfactory explanation has been found for the 
differences in the parallax determinations in x; the 
y coordinate appears free from systematic errors. 

The relative parallax is reduced to absolute in the 
usual Sproul manner taking into account the magni- 
tudes and the spectra of the reference stars at galactic 
latitude +67°. The resulting absolute parallax for the 


TABLE V. Results of combined solution in « and y for parallax. 


mm. p.e. 
Cz +7 .848842 
Bx —0.030190 =—0"56968 +0"00020 
dz +0.0000077 =-+0.00014 +0 .00001 
Cy +6. 767171 
By —0.250542 = —4.72773 0.00015 
dy —0.0000057 = —0.00011 0.00001 
T +0.02114 =+0.3989 +0.0021 
(B) +0.000444 =-+0.0084 0.0023 
(G) +0.001670 =+0.0315 +0.0024 
(A) +0.000293 =-+0.0055 +0.0017 
(F) —0.000176 =-+0.0033 +0 .0018 
eit 40.0020  =+0.0377 


1912-1959 Sproul material is +0”4039-+0"0021. This 
value is compared with +-07384+07007 (p.e.) from 
the three determinations: McCormick, Yerkes and Van 
Vleck Observatories adjusted for the Yale Catalogue 
precepts. Combining this value with the current Sproul 
value we find +07402+0"002 for the weighted mean 
value and its probable error. 


+10 
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TaBLeE VI. Differential parallax with respect to interval of time. 
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TABLE VII. Values for Mz. 


Atz p.e. Ary p-e. 
Interval =p unit 0.0001 mm 

1912.3—1941.4 119 — 1.0 +3.4 — 0.3 +3.6 
42.1— 44.4 125 + 5.9 ono + 3.5 one 
44.9— 46.4 66 +13.2 4.8 + 1.2 3.9 
46.9— 48.4 127 +17.4 3.4 + 0.4 3.4 
48.9— 50.4 92 + 3.7 4.1 + 2.3 3.6 
51.0— 52.4 68 —46.6 fail — 1.8 4.3 
53.0— 55.4 108 — 6.1 See + 3.7 3.8 
56.1— 59.3 78 —17.9 SAS) —11.1 3.8 


ORBITAL ANALYSIS 


The sums of the squares of the residuals from the two 
solutions with different orbital elements show no 
significant differences. The interpretation is not 
dependent on a choice of one or the other orbit. In this 
investigation we have chosen to work with P=8¥0, 
T=1939.3 and e=0.30. The geometric elements yield 


i=79°+4° 
a= +0"70017.8=0"0336+0"0024=0.083 a.u. 


The lower limit of the mass of the companion can be 
derived from 


(B—8) (Ma+Mz)=0.021(Ma+Mz)* 


assuming several appropriate values for (Ma+Ms) 
and the luminosity function, 6. Corresponding values 
for Mz are given in Table VII. 

The absolute visual magnitude of the visible com- 
ponent is 10.49; using Limber’s bolometric corrections 
for this star Myo1=8.56; its effective temperature is 
3300°K (Limber 1958). The mass-lumindsity relation 
indicates 0.33 © as a likely value for the mass of 
Lal 21185 A. It seems unlikely that the B component 
could be as bright as 10.5=m,,, Am=3, and have gone 
unseen at a distance of 1’. Also it seems unlikely that 
for M,=13.5 the mass could be as small as 0.03 © in 

. view of the value 0.04 © determined for each com- 
ponent of L726-8 where m,,=15.4, 15.8. 


Ms 


Ms Ms 
M,+Mz Am= Am=5 Am=3 
0.250 © 0.008 © 0.011 © 0.023 © 
0.300 0.009 0.012 0.027 
0.400 0.011 0.015 0.035 
. 0.500 0.013 0.018 0.043 


i 

It is concluded-that Am>3 which leads to a ra ; 
0.01 © for the fainter component assuming they 
for A to be between 0.3 © and 0.4 ©. 

The companion is probably extremely red; ther 
observations in the infrared would decrease the 
thereby facilitating its detection. Some image sca: 
photoelectric device in the infrared, taking ad 
of the time of greatest separation and the pi 
angle might yield the positive results needed 
rigorous mass determination. 
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